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gana found by us is what is called Madhyama Sivang-
ahargapa or number of days according to mean solar
reckoning, a reckoning made on the basis of taking
uniform motion of the Sun in right ascension, The
planets computed for the Sun-rise on this basis, are to be
corrected for the true Sun-rise which goes according to the
mesagure of © ie, the true longitude of the Sun. But in
the name of Bhujantara we have':effected the correction
for © —[; so what remains is to effect correciion for I —ea.
This correction is known ag Udayantara.

In other words, since we could not compate the
Sphuta Savana-shargans, when we deem that z days
have elapsed according to the mean solar reckoning from
the epoch upto the mean Sun-rise z + f might have
elapsed according to Sphuta Sivana-ahargans where f
is a fraction. A ocorrection is to be effected for this
fraction f of a day and it is of the form ©—a =
®—I+1—a. In the beginning Bhaskara said that mean
planets are had being computed out of the mean solar
ahargana, at the time when the mean Sun is about the
eastern horizon of the equator. Why did he say ‘sbout
the horizon'? It is because the mean solar sharganpa
indicates a Sun-rise on the basis of equal motion in right
gscension whereas on the basis of equal motion in 7, he
would be about the horizon, Had we been able to compaute
Sphuta-S8avana-ahargana, we could have got direct the
planetary position when the true Sunis on the horizon.
The correction for the difference in © and ! having been
attended to through Bhujantara, we are now to attend to
the correction for the difference I—a.

Verse 64. Another way of looking at the same.

Had we obtained the Ahargans in terms of the local
rigings of the Rasis in the place of the equatorial, and
computed the planetary positions for the local frue Sun-
rise obtained that way, we would have done the three
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corrections namely Bhujantara, Chara and the Udayantara
as well.

Comm. The correction of chara arises out of the
difference between the equatorial risings and local risings
of the mean Sun. The local mean Sun pertaing again to
uniform motion along the celestial equator Udayantara
has to be effected for I—a, ie. for the local mean Sun on
the ecliptic. Thus we have obtained the planetary posi-
tions for the local mean Sun-rise and to obtain them for
the True Sun-rise, Bhujantara is to be effeated.

Verse 65. An alternative method of effecting the
Udayantara correction.

Double the H sine of the Sayana longitude of the Sun
derived out of the smaller H sin-table, being multiplied
by the daily motion of the planet and divided by 270 and
the result in seconds of arc is to be corrected in the plane-
tary position positive or negative according as the Sun is
in the even or odd quadrants.

Comm. (1) In symbols the correction indicated is
m H sin 2] )

270
minutes of arc, I the longitude of the mean Sun, and
H sine is taken where the radius=120. In the commen-
tary under the verse, Bhaskara adds ‘ Eaoh quadrant of
the eclipse rises (at the equator) in %th of a day but
each Rasi does not rise in 5 of a day. Bince this
Udayantara correction vanishes when the Sun is at the
ends of quadrants it must be construed that this
gorrection increases positively or negatively from the
beginning of the quadrant to the middle and deoreases
from the middle to the end of a quadrant. ~Saying that a
particular Rasi rises ab the equator in n nadikis is only
an approximate statement since the Ragi does 'not rise
aniformly. That is why astronomers like Aryabhata

27

where m is the planet’s mean daily motion in
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stipulated finding the risings of smaller arcs like horas and

Drkkipas. Find H S‘“EZ[ ;Sﬂéeos )

the asus in the arc of this H sine ie, find & in minutes.
Then I—a gives the number of asus for which the correct-
ion in the planetary position is to be effected, for, by
these asus the True Sun-rise is accelerated or belated. In
the middle of a quadrant these asus will be a little above
26 Vinadis, To obtain them at any poinb of the quadrant,
take H ein 27 as the argument so that the maximum correot-
ion will be had at the middle of the quadrant by this
argument. Then the rule of three is ‘If by 120 as radius,
we have 26 Vinadis, what shall we have for H sin 21?’
Hsin 2] X 26 _ Hsin 2]
120 - 41
Then another rule of three. ‘“If by 60 Vinadis we have
m’ of the planetary motion, where the daily motion of the

ie, Hsin a. Take

The result is approximately,

in 21 o,
planet is m°, what shall we have for H 2; by The

. Hain 2l X m

yesult is H sin 21 X m Then

Hsain 2l X m @ irutes =
B0 X 4} | lnues 270

the sign of the correction is clear,

(2) We shall now prove Bhiskara’s statement that
ab the middle of the quadrant, the correction is 26 Vinadis.
‘We saw above that l—a = tan® /2 H sin 21, It is really
oreditable on the part of Bhaskara to have seen by intuit-
ion that the argument is H sin 2J. The maximum
correction is therefore tan® w/2 expressed in asus or minu-
tes of arc. Let 2 = tan® »/2

log z = 2 log tan w/2. Take w = 24
Then log z = 2 x 1.3275 = 2.6550
o = '04519 radian = 155 minutes of aro ie.

: _ 155
166 asus = ~§ = 26 apply.
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(8) Taking the case of the Moon, the max correct-

790 X 1
OXAN _ o _ o,

ion amounts to
270

66, 67. The computation of Tithi, Nakgsatra
and Yoga.

The elongation of the Moon ie. the excess of the
Moon’s longitude over that of the Sun in degrees. (In
case the former is smaller, add 360° to it and subfract
Sun’s longitude) being divided by 12 and 6, the quotients
represent the elapsed tithis and Karanas. If the elapsed
Karanas are K, count K —1 beginning from Bava to
get the current Karapa and count from S'akuni o get
the current one beginning from the mid-moment of
Krsnachaturdasi. Take again the planetary position or
that of the Moon in particular as well as the sum of
the longitudes of the Sun and the Moon both expressed
in minutes of are and divided by 800. The first quotient
gives the elapsed stars ie. the Stars covered by the planet
or the Moon; whereas the second quotient gives the
elapsed Karanpas. Then take the remainders in seconds
and divide by the respactive daily motions in minutes i.e,
in the case of the planets or the Moon divide by their
respective motions and in the case of yogas divide by the
sum of the motions of the Sun and the Moon. Then the
results give the times in nadis as to how much the next
naksatra or yoga have elapsed. If it be required to find
as to how long the next nakgatra or yoga will last,
substract the remainder from 800, and divide by the daily
motions in minutes as mentioned above. The results
give as to how many nadis beginning from the morning
concerned, the next naksatra or yoga will last.

Comm. (1) A lunation i.e. the time from the moment
of New Moon to the next New Moon is divided into
30 parts ocalled Tithis. Their names are pratipat, Dwitiya
ete. upto the 15th purnima or full Moon and again
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pratipat, Dwit1ya etc. upto the 30th i.e. Amavasya or New
Moon. Thus pratipat starts when (= @ i.e. when the
longitude of the Moon is equal to that of the Sun i.e.
from the moment of New Moon when the Moon is in
conjunctionfwith the Sun. @mr WE=98a: GATITARAEAT
faeamrgear i.e. Amavasya is that point of time when
the Sun and the Moon are together. Pratipat lasts
till ¢ = © 4 12°; then Dwitiya begins and lasts till
¢ = © +24; Thus purnima begins from the moment
when ¢ = © 4 168 and lasts till ¢ = © <4 180° and
Amavasya begins when ¢ = © 4 348 and lasts till ¢ is
again equal to © Thus a tithi is the time that is taken
by the Moon to overcome the Sun by 12° beginning from
the moment of New Moon. In other words the tithi is &
measure of the phase of the Moon with a particular
convention,

(2) In modern astronomy the phase of the Moon or

that of a planet is measured by the formula ii—%%__EPS
where P is the planet or the Moon. Since ES is almost
?
P
€

Fig. 29

PaN
parallel to PS (Fig. 29) EPS may be taken to be nearly

equal to PES which is the elogation of the planet or the

— oos EPS

Moon so that phase = 3 approximately, So
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in modern astronomy also the phase is measured through
the elongation. But the maximum phase in modern
astronomy is taken to be unity as could be seen from the

A\
formula, for, when EPS = 180°, the phase = 1. Thus
the phagse multiplied by 15 gives approximately the tithi.
We shall have oceasion to deal with this topic later.

(3) Suppose ¢« — © = E°, The number of the

tithis elapsed is equal to the quotient .in —3. Take the

12°
remainder 7°. It means during the current tithi which
has a duration of 12°, 7° have elapsed. Let the daily
motions of the Moor and the Sun be m and s so that the
Moon overtakes the Sun by m — s (expressed in minutes
for convenience) during 60 nadis. The elapsed time of
r X 60 X 60

(m—s) °
r X 60 X 60 = Seconds of are of the remsinder so that
it is said “whegfalafas:?, If it be required to find how
many nadis the next tithi lasts, (12—7)° or (12—r) X 60’
is to be gained by the Moon over the Sun. So the time in
Ndts = _ (12— r) X 60 X 60 _ weafafefiamr:

m — s m — s

the current tithi in nadis is given by But

(4) A lunation is again divided into 60 Karanas
and so 6° of increase in elongation correspond to a Karana.
These Karanas are eleven in number, out of which 4 are
fixed to occur during the latter half of Krsna Chauturdas1,
during the two halves of Amavasya and the first half of
the S'ukla pratipat. Their names are Sakuni, Chatuspas,
Nagava, and Kimstughna. So there remain 56 halves of
tithis during the lunation during which the remaining
seven Karanas, Known as Bava, Bilava efc. rotate eight
times, Thus the first half of the duration of any tithi is
covered by one Karana and the latter by another. The
computations of Karanas proceeds as with respect to tithis
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but dividing the elongation by 6, we are asked to count
K — 1, (where K is the quotient) beginning with Bava
because the first half of S'ukla pratipat is covered by the
fixed Karana Kimstughna. The computation of the elapsed
as well as the remaining nidikas of a particular Karana,
it proceeds on the same lines as that of a tithi.

(8) The Naksatra in which a planet or the Moon
is situated is then found. The zodiac is divided into 27
equal divisions beginning with its zero point and each
division is named after the brilliant star of that division,
Those stars are Agwini, Bharani ete. The star occupied
by the Moon has a special significance in the Hindu
calendar, it being spoken of that every day is presided over
by a naksatra. This happens so because the Moon's
sidereal period is approximately 27 days.

(6) To computie the Naksatra in which the planet
or Moon is, take its longitude in minutes of arc 2; divide

860° 860X6
by 800, since each star division consists of % = —-%—,7—-9

minutes = 200/. The quotient gives the elapsed naksa-
tras, To get the elapsed nadikas of the current nakgatra
or the remaining, let the remainder be 7/, Then the
proportion is ‘If during the day of 60 nadis, the planet
or the Moon goes p minutes what time does it tiake fio
cover 7/ or 800—7’. The answer is
r'X60 (800—7/)X 60
o or P! - o

(7) Regarding yogas, let the longitudes of the Sun
and the Moon be © and 4 in minutes of are; let their daily
motions be s and m in minutes, If the sum of the longi-
tudes is 800/, we say the first yoga named Vigskambha is
over, if the sum is 1600/, the second Yoga, named priti
has elapsed. Thus going on if the sum is 360°, we say the
27 yogas have elapsed and the first again begins. Since
the sum of the daily motions of the Sun and the Moon
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‘are on the average 59’ —8”-4790/—35"=850', to cover
one Yoga, they take roughly one day since the duration
of a yoga is of 800’. To get the number of elapsed yogas,
divide ( @ +M) where M is the longitude of the Moon by
(s+m). To get the elapsed nadis which are given by the
remainder 7’ or the remaining nadis of the current yogsa
which are given by 800; the proportion is ‘If by s+m
gain in the sum of the longitudes we have 60 nadis, what
time is indicated by 7/ or 800—»/?". The answer is

r X 60 (800 —7)! X 60 wasafafswr:

m+s O m-+ 8 T mts
By the word widsafafefgst: is meant therefore the number
of seconds of arc as many as the remainder » or (800—7r)
is in minutes or what is the same the remainder or 800—»
converted into seconds.

(8) The tithi, karana, naksatra of the Moon and
yoga constitute four of the Angas of the panchanga or the
Hindu Calendar the fifth being the week-day. All these
five are supposed to have their effects good or bad on living
beings.

Verses 68, 69. The correction what is called Nata-
karma,

The Zenith distances of the Sun and the Moon at the
end of Purnimi or Amavisya at the time of lunar or solar
eclipse, being expressed in nadis, are multiplied by 6 to get
the degrees. Let their H sine be got from the short table
of H sines. Multiply it by the equations of centre of the
Sun and the Moon. Divide by 4920, and 4361 respectively.
If the Sun be in the Eastern hemisphere, let the result
pertaining to the Sun be subtracted from his position ; if
in the Western, let it be added to bhis position. If the
Moon be in the Eastern hemisphere and if his equation
of centre be negative let the result be added to his position;
if the equation of centre be positive, let the result be sub-
tracted from his posifion in either of the hemispheres.
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Again from these positions, let the tithi be computed and
again let the above process be carried out until a constant
time is arrived at for conjunetion or opposition.

Comm. (1) The above procedure is accepted by
Bhaskara as Agama enunciated by Brahmagupta and
reiterated by Chaturveda as giving results that accorded
with observation. We shall see that the correction known
in modern astronomy as ‘correction due to astronomieal
refraction’ is indicated here, though it was not stated
explicitly. .

In fact what was stated by Brahmagupta was that
the periphery of the Manda epicycle given as 133° for the
Sun and as 31-36 for the Moon hold good omly on the
meridian but the periphery of the Sun is fo be increased
or decreased by 20" according as the equation of centre is
negative and the Sun is the Eastern equatorial horizon,
or western equatorial horizon. If the equafion of centre
be positive the reverse ocorrection is to be effected in
the periphery i.e. for negative equation of centre.

Periphery on the Eastern equatorial horizon=14°-0
On the meridian = 18°—40/
On the Western equatorial horizon = 18°—20’
For positive equation of centre
Periphery on the Eastern unmandala i.e,

equatorial horizon = 13°—90/
On the meridian © = 18°—4(/
On the Western unmandala = 14°—0

In the case of the Moon, for negative equation of
centre.
On the Eastern unmandala = 80 — 44

On the meridian = 81 — 36
On the Western unmandala = 89 — 28
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For positive Equation of centre,

On the Eastern unmandala = 30 — 44
On the meridian = 81 — 36
On the Western unmandala = 30 — 44

In between the meridian and the unmandala, pro-
portion is to be used. If by H sine Z equal to R, there
is a difference of 20’ in the periphery of the Sun, what
will it be for an arbitrary Hsin Z? The result is

. 1 1 Hsi .
Hsin Z X 3 X109~ —gé%—-z. Then again another

proportion ‘‘If by 133° we have the equation of contre E,
what shall we have for the above difference ?*’

i E,Hsin Z
The result ig H;égzx B X8 I, Hsin

41 4920
. E,Hsin Z X 52
Similarly for the Moon — 80 % 120 % :
E,XHsin Zx562X5 E, HsinZ _ E, Hsin Z
60X 120 X 158 ~ 56880/13 4376

which is taken as 4361 on account of approximating

52 1 oing bo 2o
80 % 120 — 136 and then multiplying Y {58

1 1 -5 1 1
=133 X 158 — 21804 — 2180x% — 4361

(2) In modern astronomy on account of astro-
nomiocal refraction a celestial body is elevated towards
the zenith by the formula K-tan Z where K has a
particular value for all celestial bodies. Thus a body. in
the Hastern hemisphere, getting eleva.t_ed the oorrefsb.lon
is to be negative and in the Western it is to be posm've.
We shall see how far the given correction acoords with
this.

28
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(8) Consider for the Sun first for negative
equation of centre.

(a) On the east, the negative equation being
increased, elevation is effected.

(b) On the west, the negative equation of centre
being rendered less, elevation is effested.

(¢) For positive equation of centre, on the east it
being lessened, again elevation is effected.

(d) For --ve equation of centre on the Western
side it being increased again it is elevated.

Thus with respect to the Sun, the stipulated correction
effects elevation in all the cases which accords with the
efiect of the modern refraction.

Then let us consider the case of the Moon.

(e) In the case of negative equation of centre, it
being lessened in the Hast, the effect is
depression,

(f) And being increased in the west, the effect
is depression,

(g) In the case of positive equation of centre, it
being reduced in the east, elevation is
effected.

(h) And in the west, it being reduced, elevation
is effected.

Thus in the case of the Moon, the phenomenon is
recorded as depression in the case of negative equation of
centre, Out of these two cases again the equation of
centre being lessened is truly desirable as the Hindu
equation of centre is in excess of the true value. Soif
need not be interpreted as depression. Regarding the
other cage, the error might have been due to the fact that
a lesser parallax being taken, whose effest is to depress
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the celestial body, depression might have been noticed
during the course of an eclipse wherein conjunection or
opposition had to be belated ; or again the greater equation
of centre as was postulated for the Sun, than what it
should be when his eqzation of centre was negative might
have depressed the Sun, so that the Moon had to be
depressed to arrive at the correct moment of conjunction
or opposition, Thus this correction of Natakarma which
was accepted by Bhaskara on the reported Agama of
Brahmagupta and also on the right endorsement of
Chaturveda, must have been in fact no other than the
effect of the phenomenon of astronomical refraction, and
what further strengthens this observation is the prescri-
ption of H sin Z which is proportional tan Z. Also the
modern formula being A tan Z where A = 58" approxi-
mately, when Z is sufficiently large, the magnitudes given
by Brahmagupta are of the same order as that of the
moderns., This correstion of Natakarma really reflects
much credit on the ancient Hindu observations.

Verse 70. Computing the planetary position for a
given moment.

The daily motion of the planet being multiplied by
the time that has elapsed or that is to elapse at which
the planetary position is to be found, and divided by 60,
and the result being substracted from or added to the
planetary position found, will render the position hold
good for the moment in question. The Sun and the Moon
will become by this process of what is called armIEHS
equal up to minutes for the moment of conjunoction or
opposition, For opposition only the Ragis differ whereas
the degrees, minutes and seconds in their positions will
be equal whereas for opposition, the positions are equal
in all respects ie. Ragis, degrees, minutes and seconds.
too.

Comm,. The meaning is clear,
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Verses 71 to 75. Obtaining what are called Suksma-
naksatras.

The computation of the naksatras done as pres-
oribed before, is only approximate. Now I shall give
the method of obtaining what are ocalled Sukgma-
naksatras as prescribed by the Rigis that are required to
note auspicious occasions regarding marriages, journsys
etc. people who knew about it, told that the six stars
Vigakha, Punarvasu, Rohini, and the three Uttaras or
Uttaraphalguni, Uttaragadha, Uttarabhadra have the
duration of one and half stars ie. 3/2 X 790/ — 35" =
1185 — 62/, The six stars Aslesha, Avdra, Swatj,
Bharani, Jyeshtha and S'atabhishak have half the duration
of a star ie. 395’ — 177, The remaining 15 alone have
one naksatra duration ie. 790" — 35", A star’s duration
is the mean daily motion of the Moon ie. 790/ — 85”. The
gum total of all the above 27 stars being subtracted from
360°, give the duration of the star what is called Abhijit
which occurs after Uttaragadha and before Sravana. To
obtain the star in which & planet is situated, convert its
longitude in minutes of are and substract the durations
of the stars from Aswini as many as could be substracted .
The number of stars whose durations are thus substracted
are deemed to have elapsed. The remainder is called the
gata or elapsed portion of the current star and the
difference of this gata and the duration of the ocurrent
naksatra is called the Egya, ie. unelapsed portion. To
obtain the elapsed time or the unelapsed time of the
current star the gata or the &sya is to be multiplied by
60, and divided by the daily motion of the planet
concerned the result being in nadis.

Comm. One line in the verse 72 is evidently missing
which should name Rohipi and the three Uttaras. We
are able to know them from Bhaskara’s commentary
as well as from Brahmagupta and Sripati. In the ocourse
of the commentary Bhiaskara reiterates what was stated
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by Brahmagupta, that Risis like Puliga, Vasistha and
Garga spoke  about these Suksmanaksatras. The
duration of Abhijit calcalated as directed is 254/ — 187,
The computation as directed is easy for understanding.
The reason for the durations indicated is not clear but
is to be taken as based on Astrology.

Verses 16, 17. The duration of the planets’ transit
into new Ragis and the duration of the interval between
successive stars, tithis, Karanas and yogas.

The disc of the planet multiplied by 60, and divided
by its daily motion gives the nadis of transit of the
planet from Ragi to Rasgi. This duration is considered
to be holy for performing Vedic rites. It is the holiest
with respect to the Sun’s transit in particular. A planes
in its transit gives partly holy results mot so much as
the Sun, depending upon the nature of the previous and
succeeding Ragis, The duration of Sandhi for tithis is
got by dividing the disc of the Moon expressed in seeconds
by the difference of the daily motions of the Moon and the
Sun; so also with respect to Karanas., The Sandhi
between two Naksatras is obiained by the same measure
of the disc of the Moon expressed in seconds of are being
divided by the Moon’s daily motion. The Sandhi between
two yogas is got by dividing the same numerator by the
sum of the daily motions of the Sun and the Moon.

Comm, (1) The Sandhi is the period that elapses
during the transit of the disc concerned between the Ras'is
and naksatra divisions. With respect to tithi, Karana
and yoga, the divisions are imaginary not being seen in
the Sky and the disc concerned is that of the Moon, and
not that of the Sun though the Sun’s motion is also taken
into account. We say a transit from a division to another
is current so long as the disc lies partly in the previous
and partly in the latter. So the Sandhi begins when the
diso touches the next division and ends when its hind part
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tonches the previous division. In other words it is the
interval between the first contact of the disc with the
succeeding division and the last contact with the previous
division.
/
(2) In the case of the Sun the duration of the Sans-
’1

kranti is equal to of a day taking the maximum

69—
magnitude of the dise and the minimum daily mofion
5
approximately = 3 X557 X 60 nadis = GETO =34 — 12

nadis approximately or more accurately 2(23?3

1501 _ 12 _ 3903
=20 <883 = goap °of & day

=3Q93 ¢ 6 nadis — 28418

Taking liberal boundaries, the FgFrit&r or the elders
saying is fomfa: q¥, fimfa: ait ie. 40 nadikas on the whole.

Here ends the Spagtashikara.
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THE TRIPRASNADHIKARA

Verse 1. The purport of this chapter,

Pandits say that this is the science of time in as
much as, herein there is described the method of knowing
the direction and the point of space (where a celestial body
is situated) given the time. Hence I expound that
chapter, which gives that knowledge and which abounds in
very important statements, which forms the quintessence
of the science of astronomy,

Comm. This chapter is called Tripragnadhikara,
gince this deals with the three questions pertaining to the
direction and the point of space of a celestial body for
a given time ie, dealing with’ Desa, Dik and Kala. In
this chapter we come across the Hindu methods of
gpherical trigonometry, and gnomoniocs or Sankuvedha
or observations with the help of & gnomon. Also we find
herein a usage of what is called ‘Golayantra’ or the
armillary sphere, which helped the Hindu astronomers to
solve all diurnal problems., We find herein Bhiskara
exoelling himself. This chapter abounds in a good number
of technical terms and without a knowledge of this
chapter, no one could call himself a Hindu astronomer.

Verses 2-4. To compute what is called lagna given
the time.

The lagna or the ascendant as it is oalled or the point
of intersection of the ecliptic with the horizon at a given
point of time is obtained as follows. Obtain the Sayana
longitude of the Sun at the point of time at which it is
required to find the lagna. Supposing the Sun is in the
rth degree of a particular Rasi, the number of asus which
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give the rising time of the arc of (30 — 7)° of that Rasi
are called the Bhogyasus, or the asus which are taken by
the remainder of the Riwi to rise at the place. They are

B30 —r) X T
LubebaX

equal fo. where T gives the asus of the

rising time of that Ragi. The Bhuktisus on the other
hand are the asus which pertain to the rising time of the
arc of the first »° of that Rigis, which are therefore

equal to Lg%-w ; from the given time substract the

Bhogyasus formulated above; then substract also the
rising times of as many subsequent Ragis as oould be
" gubstracted. Let ‘R’ be the remainder of the time
given. If ¢ be the rising fime in asus of the next Rasi,
R X 380°
t
has advanced in the next Rasi, These degrees added to
the previous Ravis beginning from » the equincetial point
give the Sayana or the modern longitude of the lagna.
From this Sayana longitude if we substract the Ayanamsa,
we have the Nirayana or the Hindu longitude measured
from the Hindu Zero-point of the ecliptic. If, however,
the given time after Sun-rise expressed in asus say ‘a’

falls short of the Bhogyasus defined above, then, g >§30

gives the number of degrees by which the lagna

where J is the rising time in asus of the Rivi in which
the Sun is situated, added to the longitude of the Sun,
gives the Sayana longitude of the lagna.

Comm. The substance of these verses, though appears
to be simple, yet is complicated which can be better under-
stood with the help of a figure (Ref. fig. 80).

Let SEN be the horizon, vER the celestial equator
and v»AL the ecliptic where L is the point of lagna.,
Required to find »L the Sayana longitude of I from
which if Ayanamsa be substracted we get the Hindu
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longitude. Let »A, AB, BC, CD, DF be the successive
Sayana Rasis called Sayana Mesa, Sayana Vrisabha efc.
(The Nirayana Riagis also starting
from the Hindu zero-point are called
Nirayana Mega, Nirayana Vrigabha
ete. and if in Hindu Asfronomy
~ we use the words simply as Mega,
Vrigabbha ete. especially in panch-
angas ie. the Hindu almanacs, we
have to construe them as belong-
ing to the Nirayana or the Hindu
systema whose zero-point is oalled
the first point of the constellation Aswini and not 7).
rL = rD + DL = an integral number of Ragis, say, ‘n’
of them ie. » X 30° + DL, where DL is the arc of the
Rasi carrying the Lagna L, The question then resolves
itself into knowing how many Ravis precede ‘D’ from »
and what the measure of DL is. The data are (1) the
Nirayana longitude of the Sun as computed by the
methods of Hindu astronomy (2) The Ayanamsa of the
year ie. ‘7o’ where o is the Hindu zero-point of the ecliptic.
(8) The time after Sun-rise at the place, given in Savana
units at which we are required to find the Lagna.

Fig. 30

Finding the Lagna at a given point of time at a
given place is not only necessary in astronomy but its
importance is more in what is called horary astrology
or Muhurta S'astra, whose purpose is to fix an auspicious
moment for the performance of marriages etc. as well as
in astrology in casting a horosceope.

The finding of the rising times of the various Rasis
at the equator, as well as at a given place was dealt with
in the previous chapter. Those rising times are found in
gidereal units, a sidereal day being divided into 60 nadis,
or 60 X 60 Vinadis or 60 X 60 X 6 asus. These units
are of constant magnitude since a sidereal day, which is
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the period of diurnal rotiation of the earth is of constant
magnitude. In the data given above, the time is normally
given in S3vana units, ie. mean solar units. A Savana
day is of 60 X 60 X 6 -+ 59 asus, which is greater than a
sidereal day by 59 asus because the mean Sun advanoe by
59" — 8" per day among stars and as such the Sun-rise the
next day is belated by 69 asus approximately. The given
time in Savana units could be converted into sidereal
units as per the approximate ratio 21600: 21660 which
means for every Savana nadi we have to add one asu or
for every hour four seconds. Ther the procedure of finding
the Lagna will be a little different from what it would
be if we proceed with the Savana units. The complex-
ity mentioned before, arises out of the Savana units,
and this has been explained by Bhaskara in Goladhyaya
under the title aERITEHRIFCTIIEAT in the beginning of the
ohapter called fmzaaraar. Now the procedure will be
explained. Lt (Fig. 30) S’ be the position of the Sun
at the Sun-rise and S his position at the time at which
the Lagna is to be found so thst the Sun has advanced
by S’S ie. which measured in minutes of arc is called gati-
kalas. In a mean solar day these gatis-kalas would be 59,
and in the given time after Sun-rise they will be
proportional. The time given after Sun-rise pertains
to the rising time of the arc 8/Li which we have in sidereal
units. We shall first find the Liagna using sidereal units
by measuring S’L, so that we may latter understand
Bhaskara’s reasoning for his stipulation of

on which basis he finds the Liagna with the Sivana units
taking the position of the Sun at S instead of 8/,

We know the position of the sun at sun-rise ie. 8/, so
that the rising time of As’ ie. the previous are in the Rasi
in which the Sun is situated is given by Bhuktasus defined
above and the rising time of S/B the remaining arc
of the Rasi is given by Bhogyasus. Subtract from the
given time converted into sidereal units if they are not
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sidereal, the rising time of 8/B ie. the Bhogyasus, whose
S/B (indegrees) X T
30
of that Rasi expressed in asus, Then subtract the
rising times of as many subsequent Rias’/is as could
be subftracted ie. here from the figure the rising times
of BC, CD. Then there remains the rising time
pertaining to the are DL from which we could calculate

the magnitude of DL in degrees by the formula Ii—é\ 30
where ‘R’ is the remainder in time after subtracting
the rising times of /B, BC, CD and T the rising time of
the Ragi D.F. Then the longitude of L is rA + AB +
BC + CD + DL = 4 X 30 + DL (In the figure shown
7D cannot equal 4 Ragis but will be far less than that but
for illustration alone, we have represented it as consisting

of 4 Rayvis).

formula is

where T is the rising

The method of finding the longitude of Li as above is
quite plain being done on the basis of sidereal units and
taking the position 8/ of the Sun at Sun-rise, But Bhaskara
adopts the position S and Savana units which compelled
him to take pains to explain what is called aresrTiERFTN
or obtaining the position S from the Sun-rise position S’.
In fact the Sun is at S ab the time at which the Lagna
is to be found and we have to find DL as before.
The argument advanced by Bhaskara is that the rising
times of SB, BC, CD, DL messured in sidereal asus, will
be just equal to the Savana asus, from Sun-rise, because
the ares S'L and SL differ by S/S ie. by the gatikalas
pertaining to the time after Sun-rise. In other words. if
‘the rising times of 8’A 4+ AB + BC 4 CD + DL in
sidereal asus give the sidereal time after Sun-rise, the
rising times of SA + AB + BC + CD + DL in the same
gidereal asus give the Sivana time after Sun-rise. Hence
Bhiskara used the word ar®If@®IHRT in the beginning of
the verse 2. Then he himself raised a purvapaksa or
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the argument of an imaginary opponent namely *“‘Is the
time given measured after Sun-rise Sivana (mean solar)
or Naksatra (ie. sidereal)? If it be the former, how is it
you are subtracting the rising times of sA, AB etc. which
are sidereal from your Savana units? Further, should you
not take the position of the Sun at Sun-rise namely S/,
because the time given is what has elapsed after Sun-rise?
Also, why should you complicate matters by accepting
Savana units when the question is simple if dealt with
gidereal units ?

To this Bhaskara answers as follows —

“ True it is, what you say. Generally in day to day
life, time is given only in Savana units and not side-
real.  Further you cannot avoid Sivana measure, for,
in the case of an arc moved by a planet, in its diurnal
circle time is measured in the Sivana units pertaining
to the planet. (The Savana units of a planet are
different from what they are for the Sun depending upon
the aro moved by the planet in question during a day).
These Savana units are what are termed Kshetra-Vibhi-
gatmika or what depend upon the ars covered in the
diurnal path in confradistinetion to the Kila-Vibhagat-
mika units or sidereal units. (In other words pure time
is what is measured in sidereal units which is a standard
measure, whereas time which has the bias of the motion
of the planet also ie. which we seek to measure by the arc
moved by a planet in its diurnal path, is Ksetra- Vibhagzt-
mika). Thus having had to accept the Sivana measure
also, we ssek to proceed on that basis, though we could
convert the Savana measure into the sidereal and
proceed without complication’. The argument which
Bhaskara gives for awmif@RIECI is farther as follows.
The measure of the arc SL using the rising times in
asus ie. sidereal units, is the Savana measure of the arc
L. done in sidereal units. Instead of subtracting the
rising time of S/A from the given time converted into
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gidereal, we subtract the rising time of SA from the given
Savana time and the result will be the same, for,

—8A = —(8'A—88) =88 — S’A which means
subtracting SA from the time tantamounts to increasing
by S§’S and subtracting S/A. This increase by S'S is add-
ing what have been defined as gati-kalas so that automati-
ocally the Savana units got converted into sidereal units,
by taking the position S and subtracting SA instead of
taking the position 8/ and subtracting S/A, The result is
the same. So, it is said ‘ awwife®FEa’ in the beginning '
of the verse 2,

In the second case mentioned in verse 4, if the time

given, falls short of the Bhogyasus, then simply Z >'(I‘ 30

where z is the time given in asus and T the rising time of
the Rasi in which both the Sun and the lagna are then
gituated gives the arc in degrees which if added to the
longitude of the Sun gives that of the lagna. Here also
the position ‘S’ counts. :

Verses 6 to 6%, To find conversely the time that has
elapsed after Sun-rise given the lagna.

The Bhogyasus of the Sun and the Bhuktasus of the
Lagna together with the rising times of intermediate
Rasis gives the time required.

If the Sun and the Lagna both be in the same Rasi,
then the arc in between them, multiplied by T and divide
by 30, gives the time required.

If, however. the longitude of the Lagna falls short of
that of the Sun, ie. if the Sun be below the horizon, (in
this case SL > 180°) then finding the time of rising of SL
and subtracting from a day, we have the time of the Lagna
before Sun-rise.
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However, here. there is one ocomplication if we
consider the @rwIf&®E ie. s the Sun at the given time,
This position of s cannot be had unless we know the time,
which is itself required. So we get in the first place the
time pertaining to 8’L, whioch is the time measured in
gidereal units the position S’ being that of the Sun at Sun-
rise. If we don’t take recourse to convert this fime in
sidereal units to Savana units using the proportion
between them, then the alternative is to obtain the position
S using the time obtained and then calculate the time
again in Savana units.

If the time given to find the Lagna, be sidereal, it
goes without saying that we find it from S/. Also &
being given and if the time after sun-rise is required in
sidereal units for a given ILagna, the method of suceces-
sive approximation is unnecessary.

Verse?. To find the Lagna before Sun-rise called
Vilomalagna.

Suppose it be required to find the lagna before Sun-
rise, given the time before Sun-rise, Obtain the then posi-
tion of the Sun and find his Bhuktasus; subtract them from
the given time; from the remainder, subtract the rising
times of as many Ragis as could be, ragis behind the Sun’s
position. If R be the remainder in the time after these
subtractions, then R X 30/T where T is the rising time of
is the next preceding Rasi, together with » X 30, where n
the number of integral Ragis subtracted and the arc
of the next Rasi by which the Sun has advanced in his
Rasi at the time of the Liagna (known from the position
of 8 found) the sum total of these three items being
subtracted from the position of S gives the longitude of L.

-~ Comm, Easy‘.

Verse 8. To obtain the East-West line.
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The BEast-West line is roughly the join of the
extremities of the morning shadow as)well as that in
the after-noon of a guomon placed at the centre of a
circle drawn on a plane with any arbitrary radius,
when those shadows equal the radius of the circle. But
this line is to be deflected keeping ifis western point ie.
the extremity of the morning shadow fixed through a
K (sin 9; ~ sin Q)

008 ¢
oular to it, where the above distance is measured in units,
which measure K.

distance at the eastern end perpendi-

Comm. The east and west points are where the
celestial equator ocuts the horizon. The east point is
thus the point where the Sun-rises when he is exactly ab
the vernal equinox, The question is how to draw the
east-west line on a plane. For this we are asked to
dzaw a circle with any radius on that plane. The plane
is described here as wwgawiFat@fd that kind of sur-
face as is determined by the surface of water there. Such
a kind of surface forms approximately a horizontal plane
nob of course exactly because such a surface is really
spherical, the earth being a sphere. But because the
radius of the earth is sufficiently large, we can take such
a surface to be a horizontal plane for all practical purposes.
Having drawn a circle place the gnomon verfical at the
centre, In the morning note the extremity of the shadow
when it equals the radius, In the afternoon also mark
the point when the shadow equals the radius. Join those
two points. It represents rougbly the east-west line,
roughly because the Sun’s declination changes in between
the two moments however small the change might be.
Ignoring the change in the declination, this line will
be east-west because of the following reason. The length
of the shadow is 12 tan z where 12 units are the measure
of the gnomon. But since the shadow on both the occasions
is equal to the radius of the circle z, the zenith-distance
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will be the same on both the occasions. Then the spherical
triangles PZS, and PZS, where P is the celestial pole, Z the
Zenith and S, and S, are the positions of the 8un on the
two occasion, are congruent their three sides being respe-
otively equal, provided we take PS, = PS8, ie. 90 — 8, =
90 — dyie. d; = O on both the occasions. When the
FaS e

two triangles are thus congruent, PZS, = PZS,; ie. &1 and
8, are equidistant from the plane of the Prime-Vertical.
Hence the extremities of the shadows will be equidistant
from the East-West line; or this may be seen in another
way ; S, Sy will be perpendicular to the meridian plane
and as such parallel to the plane of the Prime-Vertical.

The correction mentioned in the verse is known as
the Agrantara correction which was originally given by
Chaturveda chirya and then accepted by Sripati. Why
it is called Agrantara is because it is a change in what
are called Karnavrittagras of the two ocoasions where we
shall see in due course that the formula for Karnavrittagra

. K sin , ' .
s ~os ?8 where K 1s hypotense of the gnomonic triangle

formed by the gnomon and its shadow S at any place and
time. This correction is & very minute correction and
as a matter of fact could be ignored. But the fact that the
correction was cognized and correctly formulated testifies
to the knowledge of the sphere which the above
acharyss had. Assuming the formula of the Karnagra
here (it will be proved by us later in this chapter) if
O, and O, be the deolinations on the two occasions
K sin @, K sin g,

oos P ¢ Too5 9 o
K being equal on the two oceasions because the shadows
are equal. Henoce the correction being the difference of

K (sin §; ~ sin P
v ® o as stated by Bhas-

respeotively the Karnagras will be

the Agras, it is
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We shall now prove it in modern terms from the
spherical triangle PZS. We have the formula sin § =
sinfg cos z 4 cos ¢ sin zsin a where PZS = 90 — a, a
being the Hindu azimuth measured from the East point.
Multiply the above equation by K and divide throughout
by cos ¢ where K is called the Chayzkarpa equal to
N12* 4+ 8% S being the gnomonic shadow at the moment.
Hence ‘

K sin ¢

cosd = K cos z tan '@ + K sin zsin a (1)

Loom s
Fig. 31 Fig. 32

But from Fig, 31, Kcosz =12, Ksinz =8, (9)
and from Fig. 32, Ssina=1> where b is ocalled the
Chayabhuja ie. Chiyibhuja = K sin zsina (3). Thus

But again from Fig. 33, when @ the Sun at vernal
equinox is on the meridian and as such has a meridian
zenith-distance equal to ¢, 12 tan ¢ = s where s is called
the Vishuvat-chaya or equinoctial shadow. Thus we have

Keossinds = § + b (4?)'

Again if the Sun be on the horizon, from Fig, 34,
E © is called the Agra, A, so that from the triangle P
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-8
12
3 A9 qo-A
Fig. 33 Fig. 34
. sin .
cos (90 — ) = cos ¢ cos (90 — A) ie. = gin A or

in the Hindu form Hsin A = R Z}’; = Agrajya (5).

This Agrajya is in a circle of radius R, and if it be re-

duced to a circle whose radius is K, is will be% X *-—“Iz Os;n é8
= }i:;nf which 4s called Karnagra., Hence %Ne have

Karnagra = s + b which we shall write as ¢ = 5 +- 5 (6).
This is an important formula which is going to be
formulated later in verses 72, 73. In the above formula,
s being constant, by differentiating da = b which means
that the variation in the bhuja is on account of the
variation in the Karnagra, If in Fig. 35, Cw’, CE” be
morning and evening shadows when they are equal as per
the verse under comment, Mo/ = b the morning bhuja,
NE” = ¥/, the evening bhuja dE/ is the variation in the
bhuja ie. b — b = db which is formulated and equal to

da. But da = (Kc:;néﬁ) K io(:i; 8), & being con-

gtant and K also being constant because the shadow
81is constant and K = J/8* 4 12® = constant on both

. ) K . .
the ocoasions, .. db = JK = o5 & (sin @, — sin §,)
as stated by Bhaskara.
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- .
Fig. 35

9, Having determined the East-West line a8
mentioned, by drawing with a compass with the same radius
on either sides of Ew (Bo is the East-West line through the
centre of the cirele drawn parallel to the rectified East-
West line namely B/ o' where E” of is the approximate
Fast-West line obtained by the join of the extremities
of the shadows) two arcs which intersecting each other
form a fish-like enclosure as shown in the figure and
as such called Matsya meaning a fish, and joining the
onds of the fish namely f, g and producing fg, we bhave
the south and the north points s sand =. Or again,
the north-south line could be had from Fig. 36, where
RO is a rod held in the direction of the north-pole
ag seen by the eye at ¢ and EA and OB the lines indicated
by the plumb-line called HIZTFAFEI A and B being on
the plane and AB joined passing through N, the north-
point., Or again the directions could be determined as
follows from & single shadow 8 namely Co’ in Fig. 35,
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calculating the bhuja o’M and Koti
CM; Bhuja and Koti being known,
and the shadow Co’ being drawn,
holding two rods whose lengths are
equal to the bhuja and Koti perpendi-
cular o each other, one extremity of
the bhuja-rod being held at »’ and
one extremity of the Koti-rod being
held at C, and the rods making a
right angle at M, then the bhuja-rod
determines the north-south direction
and the Koti-rod the Hast-West dire- !
ction. Fig. 36

Verse 10, The Bhuja is defined as the distance of the
extremity of the shadow from the east-west line where
the Sanku or gnomon is placed at the intersection of
Eo and NS, Koti = “*—25* .. Koti will be in the
East-West direction. So Chaya-koti = K sin z cos a (7).

Comm. Easy.

Verse 11. The Chayakarna, K is equal to «/S* -+ 127,
so that K*— 12" =8 or ¥(K+ 12) (K — 12) = 8.

Comm. Hasy.

Verse 12. The Sanku is also called Nara or Na.
The zenith-distance of the Sun at Noon when the Sun
is in r is the latitude of the place, called pala or
Aksha ; the altitude then is called lamba or colatifude.

Comm. The word Sanku we have previously used
for the gnomon. It is also used for the H cosine of
the zenith-distance and to differentiate it from the
previous Sanku called Dwadasangul'a-S'anku  or
twelve-unit-length Sanku, it is termed Maha Sanka
and oceasionally Ista-S'anku., Maha Sanku or Ista
Sanku = Hcoss (8). Thus in figure (37) oM =
Heosz, In the fig. where. gn = gnomon, go = S
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the shadow, © = the position of the Sun whose zenith-
distance is ©z, If 2z’ be taken as the zenith ©z/ meas-
ures the zenith-distance whereas if z be taken as
the zenith ©z is the zenith-distance, The apparent
ingonsistency that both ©z/ and oz are taken
as the zenith-distance is nol there if we consider the

Pa N
zenith-distance as the angle © nz’ = © 0z, 0 ® =R,

©z=1z 80 that ® L = Hsinz and LO= 0o M =
H cos z = S'anku or Nara or Ni. it is called Nara or
, Na which means man, because
Z 4% a man may consider himself
a8 a gnomon, which is called
Sanku. 8o the word is also
applied fo the parallel H cos z
parallel to the gnomon and
called Mahivanku. H sin & is
called Drigjya (9) zenith-dis-
: tance is known as Nati because
K ™ g & © it is depression from the zenith,
® K (Fig. 87) is called the un-
nati or altitude.

Fig. 37

Verses 13 to 17. Latitudinal triangles (Ref. Fig. 21),

(1) The right-angled triangle formed by the
gnomon, the equinoctical shadow and the hypotenuse
called Vishuvat-karna is the fundamental latitudinal
triangle, which is like knowledge that will be the basis
of all good things of the world, for example, respect,
money, fame and happiness (Fig. 33).

(2) The second latitudinal triangle is that which is
formed by Hsin ¢, Hoos ¢ and the radius R of the
sphere (Ref. & O Q L Fig. 38).

(8) The third latitudinal triangle is that formed by
Kshitijya, S, B, Kranrijya E, B; and Agrajya E, 8. ie.
the projected triangle E, 8, B, of ESB (Fig. 21) on the
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plane of the meridian - where is the oentre of
the sphere,

(4) The fourth latitudinal triangle is E, S, F', the
projection of ESF (Fig. 21) on the meridian plane
where E, F, is the Sama-Sanku or the Sanku of the
celestial body when it is on the prime vertical. E, S,
is the Agrajya as mentioned, S, F, is what is called
Taddrti,

(6) The fifth latitudinal triangle is B, B, F', where
E, B, is Krantijya or H sin §, E, T, is the Sama-
Sanku defined above and B, F, is what is called the
higher segment of the Taddrti which is equal to
Taddrti minus Kujya or Kshitijya.

(6) The sixth latitudinal triangle is E, D, B,
where E, D. is called the first segment of Agrajya, D, B, is
what is called un-mandala Sanku or Hecosz of the
ocelestial body when it is on the unmandala or the
Equatorial horizon and E, B, Krantijya.
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(7) The seventh latitudinal triangle is D, 8, B,
where D, 8, is the second segment of the Agrajya, S: B, is
the Kujya, and D, B, is the unmandala Sanku.

(8) The eighth latitudinal triangle is B, L, F,
where B. L, is equal to the first segment of Agrajya,
L. F, is the higher segment of Agrajya, L, I is the
higher segment of the Sama-Vritta-S'anku, and F.B, is
the upper segment of Taddrti mentioned before.

Comm. It was already mentioned that a latitndinal
triangle is such a right-angled fri-angle constituted by
the chords of the celestial sphere where the angles in the
triangle are ¢, 90 — ¢, 90°. The side opposite to @ is
called the Bhuja, that opposite to (90 — ¢) is called
Koti and the third Karna, Such ftriangles are not only
eight as have been mentioned, but many more will be
there as mentioned by Bhaskara. They are all formed
a8 mentioned by him by the intersections of the diurnal
paths and the celestial equator with the ocircles of the
sphere namely horizon, prime vertical, meridian,
Equatorial horizon and deolination circles. These
circles clearly intersect at @ or 90 — ¢). The eight
triangles mentioned are those whose elements will be
entering computations, There is another important
latitudinal triangle with which we have to deal later
namely that formed by what is called Hriti, S'anku, and
Sankutala (Fig. 39).

O,K = Agra; 0,C = Sanku-tala; CN = Sanku-bhuja
= 0K .. Agria = Sankutala 4 Sanku-bhuja

Agra = R g——z—g;-% ; Sankutala = H cos Z tan ¢
Sanku bhuja = Efi-_—”BH—SlP-E (Ref. fig. 40')

- Rg:i;2=Hcoszhand-}-HEszHsma
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Fig. 39

or in modern terms sin & = sin ¢ cos z 4 cos ¢ sin z sina
as derived from the triangle PZS, Formula I is with
respect to the Maha Sanku O L of fig. 40 ; if it be reduced
to the Sanku of the gnomon the S'anku-bhuja © N becomes
the Chayabhuja pr which will be equal to

HsinzHsina _ K . . :
—_— X R K sin z sin a whereas,

R
R Hsi K_Xisi
Agra becomes ¢y c‘j;nqﬁ ~RT _é%n which is called

Karnzagra and Sanku-tala becomes
X
Hcoszt%gé K=Koos =12tan ¢ =
which is a constant quantity., It will be noted that
Karnagra differs from poin to point since K differs from
time to time during a day. In fact Karnigra is the
perpendicular dropped from the extremity of the shadow
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on the line parallel to the East-West line and north of it
at a distance of the equinoctial shadow. As the shadow
varies from time to time Karnigra varies from time to
time. Cbayabhuja is the perpendicular dropped from the
same extremity of the shadow on the East.West line.
(Vide figure under verses 72, 73).

Let fig. 39 represent the diurnal path of a celestial
body which is parallel to the Equator. Lt A be the point
where the celestial body culminates or crosses the meridian
of the place, B the point where it crosses the prime
vertical, C any arbitrary point of the orbit and D the
point where it is on the Equatorial horizon, unmandala.
Drop perpendiculars from A, B, C, D to the plane of the
horizon, namely Aa, Bb, Ce, Dd. Let MO, O, O, O, L be
the line of intersection of the plane of the diurnal ocircle
with the horizon so that, LM is culled the Udayastasatra,
L being the point where the body rises and M where it
gets. A line through D, the point where the diurnal path
cuts the Hquatorial horizon, drawn parallel Ew the East-
West line will be a diameter of the diurnal circle and as
such bisects the path. Draw perpendiculars from a, b, ¢, d
to ML to meet it in O,, O, O O, By the theorem of
three perpendiculars Ao, Bo,, Cog, Do, will be perpendi-
culars on ML in the plane of the diurnal circle. It is
clear from the figare that all these right-angled triangles
Ao,a, Bogb, Coge, Do,d are not only mutually similar but
also are similar to the latitudinal triangles, in as much as

AN AN AN

the angles A, B, C, D, the angles between the vertical
plane and the diurnal plane being.equal to the angle
between the planes of the prime Vertical and the Equator,
AN AN
are all ¢ and angles a, b, o, d are right angles, Hence
these triangles are algo latitudinal. In fact'Bbog, Ddo, were
already included by us in the list of the eight latitudinal
triangles since they are congunent to B, F, 8, and D, B, 8..
As a matter of fact O,B is Taddhrti itself, O,D Kujya,

3
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Bb=_RSama-Sanku, and Dd unmandala Sanku, O,b is not
actually the Agrajya but parallel and equal to if, since
Agrajya is the H sine of SE of fig. 21, which is the per-
pendicular from S on Bw. Similarly do, is not the second
segment of Agrajya but a parallel and equal segment.
Thus Bb is the perpendicular distance between EE' and
FE’ ie. Ev and a parallel through F to Ee (fig. 21.)
Dd is the perpendicular distance between DD’ and BB/;
bo, is the perpendicular distance between Ew and 88/; do,
the perpendicular distance between DD’ and 88’ (fig. 21) ;
Bo, the perpendicular distance between FF' and 88/; Do,
the perpendicular distance between BB/, SS/. In this
fig. 89, 0.A is called Hrti, Co,=1Ishta-Hrti or any arbitrary
hrti. Taddbrti Hrti and Kujya are special cases of
Ishtahrti., Hirti is the maximum of Ishtahsti. Calling
Asa, Bb, Co, DA Sankus in general ao,, bo,, cog, do, are
called S'ankutalas, Aa is called Dinardha-S'anku or the
Sanku of the mid-day; wheress Dd is the unmandala-
Sankn and Bb Sama-S'anku. Ce is oalled Ishta-Sanku,
Perpendiculars from A, B, C, D on the plane of the prime
vertical are called Sanku-bhujas, Since B is on the
prime-vertical itself, the Sanku-bhuja iz zero and ab
this point BO, is Agrajya. In the arbitrary case at C,
the perpendicular from C on the plane of the prime-
vertical being Sanku-bhuja, which is equal to the per-
pendicular from C on Ew, and Co; being the Sanku-tala,
and since the perpendicular distance between ML and
Eo is the Agrajya, which is equal to the sum of O, C and
the Sanku-bhuja Sanku-tala -+ Sanku-bhuja = Agrajya.
(10) which is a different expression of (5). We shall
present this analytically. Putting Sanku = H cos z, and

using the latitudinality of Coo, Hg;s z _ Co _ -G}_;i'

applying similarity with the first fundamental latitudinal
triangle where s = equinoctial shadow, and K the

Visuvat-Karpa. Hence we have
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Hoos z_cos z
Hcos 9o cos ¢

Co, = Ishta-hrti = % Hoeosz = (11)

Co; = Sanku-tala = 1—32 Hoeos z = H cos z tan ¢

Hecosz Hsin ¢

= R cos z tan ¢

From the triangle PZS, we have the formula
sin § == sin p ¢o8 z-}cos p sin z sin ¢ written under verse 8

" 5o ; cos z tan ¢ -+ sin z sin @ or in the Hindu form
Rsin Hesinz Hsina
8=HOOSZﬁaD<p+ R . L

R sin 0 _RHsin
cos ¢~ Hoos ¢

‘We saw under verse 8 thaf

= Agrajya (formula 5). Also we have from (12) above
H cos z tan ¢ = Sanku-tala, From fig. 40, if SM be drawn
secondary to the prime-vertical, the right-angled spherical
triangle SMZ gives

Sin z = sin z sin @ when SM = 2 or in the Hindu form
Hsinz = Hsinz Esina ZRH gre ; but Hsingz we defined as
S'ankun-bhuja, so that the equation I above may be written
Agrajya = Sanku-tala + Sanku-bhuja which is (10).
H sin a is called Dik-jya and H sin 2z, Dyk-jya. Formula
(10) or (6) is the Hindu expression of the modern formula
gin O = sin p co8 z + co8 p sinz sin a. But the beauty
lies in reducing (10) to the formula derived under verse 8
namely a = b + s ie. formula (6) to the horizontal plane,
introducing the concepts of Karnagra and Chayabhuja
(Ref. fig. 40’). The lines corresponding to O,A and O,C
in the Equatorial plane are called Antya and Ishtantya.
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Hrti = 0,A = 00,+0A

Kujya + Hocos d or
Dhujya VI since 00, =
DO, = Kujya. The line in
the Equatorial plane cor-
responding to Kujya is
Charajya which s equal to
R tan ¢ tan & (13) so that
we can write Kujyi =
Rsin d tan p=H sin  tan ¢
(13). Also from VI

Antya = R 4 Charajya
= R + R tan ¢ tan 9 (14)
which gives us the duration
of half the day where R
gives 6 hrs and Charajya
the increment in day due
to ¢ and .

Verse 18. To obtain the
magnitudes of the various
chords or the elements of
the latitudinal triangles,

The elements or the sides of all these latitudinal
triangles are mutually derivable from similarity.

Comm. Hasy,

Second half of Verse 18. The radius multiplied by
the Kotis or Bhujas and divided by the Karnas gives
H c0s ¢ and H sin ¢,

Comm. The seven triangles except the second, of the
eight latitudinal triangles are compared here with the
Remembering Bhujas are the sides of the
triangles opposite to p and Kotis opposite to 90 — ?,

gecond.
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Bhuja a

Tarna in any triangle = Karna in the second latitudinal
) __Hsin p | R X Bhuja . )

triangle = —¢ . Karps = Hsin p Akshajya

Koti
or Palajya (15) Similarly Rarma m any triangle is equal

HOOS_cp
R

ofi .
Karpa in the second latitudinal triangle =

R X Koti .
so that “Rarma H cos p = lambajya (16).

to the

e. Thearcs of Hsin ¢ and H cos ¢ are respec-
tively the Akshamsas and lambamsas as they are called ie.
latitude and colatitude. Hsin ¢ and H cos ¢ are also
obtainable thus VR* — H sin® p = H cos p and Hsinp =

~NR*—H cos’p Or again B SmBi;j(&Kou = 008 p and

H cos p X Bhuja

= H sin p where the Bhuja and Koti

may belong to any latitudinal triangle.

Verse 20. Agrajya can be had by multiplying Krantijya
by Karpa of any lat. briangle and divided by its Koti.

Also Sama-Sanku = Bhu = X Krantijya and

Sama-Sasku X Karna
Koti

= Taddhrti.

Comm. The first of these statements pertains to the
similarity of the thitd triangles to the others. The second
of the statements pertains to the similarity of the fifth
latitudinal triangle to others whereas the third pertains to
that between the fourth and the others.
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Thus Sama- S'anku or S.8,
Hsind X R Rsin ¢
Hsino sin ¢
] Hsin R R sin 9
Taddhrti = RH gin ¢ X H oos p  sin @ cos ¢

(18).
Karna X Agrajya

Verse 21. Taddhrti =

Comm. This pertains to the similarity between the
fourth latitudinal triangle and the others.

Latter half of Verse 21 and first half of Verse 22,

Taddhrti X Koti  Agrajya X Koti
Karna - Bhuja
Sama-Sanku X Bhuja

Sama - S'anku =

Comm, The first statement is made out of the
similarity between the fourth lat. triangle and the others
whereas the second statement and the third as well are
made out of the similarity between the third and others.

II half of Verse 22. Sama - Sanku = Upper
segment of Taddhrti X Karna
Koti

Comm. The similarity is between the fifth triangle
snd others.

Verse 23. Kujya = Krantijya X Bhuja/Koti
Krantijya X Koti d
Bhuja an

Upper segment of Taddhrti =
Kujya + Upper segment of Taddhrti.

Comm. The first statement is through the similarity
of the third triangle with others, whereas the second is
through the similarity of the fifth with the others. The
third statement is clear from Fig, 21.
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Kujya X Bhuja

Verse 24, Karna = gecond segment of
. Krantijya X Koti
Agrajya 1y Karna = first segment of Agrajya

and Agra = Sum of the two segments.

Comm. The first statement is based on the similarity
between the seventh triangle and others and the second on
the similarity between the 6th and the others.

First segment of Agra X Bhuja

25.
Verse Rou

— Un-mandala-Sanku and Er32tiiya X Bhuja
Karna

= Un-mandala-S'anku,

Comm. Both the statements are based upon the
similarity of the sixth triangle and others. Thus un-
Hsing X Hsinp _

R

= R sin § sin .

mandala sanku = U.8. =

Verse 26 First segment of Agra X Koti
' Bhuja
= Un-mandala-Sanku = Kujya X Koti/Karna.

Comm. The first statement is based on the similarity
of the sixth latitudinal triangle and others and second
that between the seventh and others.

Sama-gankn — unmandala sanku = upper segment of
Sama-ganku. )
Verse 97, Agra X Bhuja
Karna
Taddbrti — Kujya = upper segment of Taddbrti,

= Kujya
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~ Comm. The first statement is based on the similarity
between the third triangle and the others and the second

statement is evident.

Second half of verse 27. Other elements could be
derived from what is already known and from what has
been obtained. Also by alternando and invertendo we
could pass from one element %0 the other and vice-

versa.

Verse 8. Karpa = ~Bhuja® + Koti®
Bhuja = ~Karna® — Koti’
Koti = ~Karpa® — Bhuja’

Thus the third could be had from the other two in all
the triangles.

" Verse. There are sixty-three ways of obtaining H sin ¢
gnd Hsin ¢. On account of hundreds of ways of
obtaining Agrajya etc., there are an infinite number of
ways of obtaining H cos ¢ ete.

Comm. Under verse 23 Bhaskara says that there are
98 ways of obtaining Taddhrti. Taking the third latitude
triangle, H sin O conld be obtained in seven ways, from
this H sin 9, Kujya could be obtained in seven ways;
hence, according to the principle of association namely
that when one thing could be done in 7 ways and another
in n ways, both the operations could be together performed
in mn ways, 8o Kujya could be obtained in 7 X 7 = 49
ways ; similarly the upper segment of Taddhrti could be
had in 49 ways ; so that adding the two Taddhrti could be
obtained in 98 ways.

Similarly suppose we have to find Hsin §. H cos ¢
could be found in seven ways and from H cos ¢, H &in
could be found in seven ways, Thus H sin ¢ could be
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found in 7 X 7 ways = 49 ways. From R, H sin ¢ could be
found in seven ways by using similarity with the other
geven latitudinal triangles except the second. Also
obtaining H cos p in seven ways and using the formula

Hsin 9 = VR* — Hoos’ p we have seven more ways.
Thus in all thereare 7 X 7 47 + 7 = 63 ways. Similarly
H cos ¢ could be found in 63 ways. Extending this to
Agrajya etc. which could be in as many or more ways
themselves finding H gin ¢ therefrom means again finding
it in 69 X 69 ways and so on. Since there is no end in
counting all these ways, it is said that there are infinite
ways to find it. The word ¢ infinite ’ here connotes only a
very large number of ways not exactly what we mean by
the word ‘ infinity ’.

Verse 30. To find what is known as Kona-Sanku.

As a first approximation take
Kona-S'ankn = JR?® — 2A® where A = Agrajya and Kona-
S'anku means H cos z when the azimuth is equal to 45°

Then take Agrajya + the above Kona-Sanku X % =Sanku-~

bhuja = b (say) then again Kopa-Sankn = JR® — 28°,
8

Then again take Agrajya t+ the above Kopa-Sanku X 13

as the new bhuja and proceeding thus by the method of
guocessive approximations, we arrive at a constant value
which gives the Kona-S'anku.

Comm. Bhiaskara gives later the method of obtaining
H cos z ie. the S'anku pertaining to any zenith-distance.
S0, he need not have given a separate treatment for this
Kona-S'anku. But in ag much as Brahmagupta and other
previous writers gavo it he has also given the same. He
gives here the method of finding the Kona-Sanku by the
method of succossive approximations as given by S'ripati.

32
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We saw before that Agri = Sanku-tala +-
bhuja. So, in the first place as a first approximation,
Agri is taken as Sanku-bhuja. Since, when z = 45° the
perpendiculars from the celestial body on the planes of
the prime-vertioal as well as meridian are equal, and since
the perpendicular on the plane of the prime-vertical is
called Sanku-bhuja = b (say) 20 = Hsin® z. This is so
becanse H sin® z = Sum of the squares of the perpendiculars
on the planes of the meridian and prime-verfical. But
H sin® z=R?*—H ocs® z. .. R®*—2b""=H cos’ z. So, taking
Agra as the bhuja b as a first approximation, JR* — 2b*
gives us H cos z. From this using formula III under

latitudinal triangles namely H cos z X fé
obtain the approximate S'anku-tala, from the approximate
H cos z got above. Now using the formula Agri =
Sanku-tala + Sanku-bhuja obtain Sanku-bhuja as Agrat

Sanku-tala, where the +ve sign is taken when the Sun
has 8 southern declination, and the difference sign when
the declination is north. Taking this Sanku-bhuja, ¥,
Kona-Sanku is now ~R'— 20, In the first place we
took the Agra ifself as the bhuja; but here we have a
better approximation for the Sanku-bhuja. From this
Kona-Sanku again, obtain a still better approximation for
Sanku-bhuja and proceeding thus till a constant value is
obtained, we have the required Konps-Sanku. This is a
beautiful example where the method of successive approxi-
mation was used by the Hindu Astronomers to a good
advantage. It will be noted here that the Sanku-tala is
always treated as extending south ie., the Sanku-tala will be
south of the S'anku since India’s latitudes are all north.
Also it is said that when the Sun has southern deolination,
A +8 =B and when northern A — 8 = B when A =
Sanku-Agra or simply Agra (in contradistinetion to
Karnagra reduced to a circle of radius K the chayakarnpa)
8 = Sanku-tala and B = S'anku-bhuja. This convention

= Sanku-tala,
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of signs is to be correlated with the modern. We have
from the formula derived out of PZS, A =S + B.
According to modern convention when  is north, it will be
taken to be positive and when a is to the north 'of the East
point it also will be taken to be positive so that, (1) when
§ is north and @ north, A=8+4B ie. B=A—§; this accords
with the Hindu convention namely * &tecara<g ’ (2) when
.o is south and a south, — A =8 — Bso that B=A + S;
this also accords with the Hindu convention, namely
qed @yt (3) But, however, when § is north and a
gouth ie. when the Sun having northern declination comes
to the south of the prime-Vertical, A = S — B so that
B =8 — A. This accords with the Hindu convention
if only we take B=| A—S8 | when @ is north.

Bhiaskara makes two statements at the end of the
commentary under this verse namely that when @ is south
and A > 2431, there will be no Kona-S'anku and that
when @ is north and s > 177 — 6/ there will be four
Kona-Sankus., We have to verify these statements. The
first statement is evident because H sin (Agra) > H sin 45°
ie. > 2431’, no Kopa-Sanku will be formed above the
horizon because the diurnal path above the horizon will
be to the south of the points K, K/ on the horizon where
EK = 45° and oK’ = 456° where E, » are the east and
west points and K and K’ respectively lie on the eastern
and western horizons between E and Sand @ and S, S
being the south point. Regarding the second statement,
in order that there may be a Kona-Sanku in the north

Agrajya > Hsin 45 ie. Z_‘(%§ > sin 46° ie, sin O > sin 45°
14

oos . Taking the max. value for 9 namely 24°,

log sin 24° > log sin 45 + log cos ¥ ie. 9.6093 > 9.8495 4
log’ cos ¢ ie. log cos 45 < 9.7598 .. p > 54° — b4/
oo tan p > 1.4229 Soos =12 tan g > 177 — 4,6/
which is taken by Bhaskara as 17" — 6. For a lesser
value of O, a still greater value of ¢ will be required
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o gseen by taking © = 20° ¢ >
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From fig. 41, it is clear that there are two Kona-
Sankus at 8; and S; during the forenoon and similarly
two at 8;," and Sy in the afternoon where S," and S,/
are the symmetrical points of 8; and 8;. From fig. 42, it
is olear that if Agra < H sin 45° when @ is south, there
will be one Kona-S'anke in the forenoon at S, and one in
the afternoon at the symmetrical S,/

Verses 31 and 32. H cos z at noon known as
Dinardha-Sanku.

By ‘ northern hemisphere ’ it is meant that the Sun
is in the northern hemisphere ie. his S3yana longltude
ie, modern longitude lies between 0° and 180°, and ‘the
southern hemisphere’ means that the Sun’s longitude lies
between 180° and 360°. The direction of § may be got
from the above convention. The latibude and colatitude
are always deemed as south and north respectively.

The latitude and colatitude being ‘ added to subtracted
from or being deoreased by’ as the case may be, the
declination, we have the zenith-distance and the altitude
of the celestial body at Noon. The zenith-disfance and
the altitude are mutually eomplements.

Comm. In Hindu Astronomy the words “ggTma”
“ gfeamTE "’ are very often used to connote that the Sun is
on the north or the south of the celestial equator respec-
tively, so that the declination could be automatically known -
to.be north or south respectively. Regarding the latitude, -
the peculiarity in Hindu Astronomy is that what we eall
north latitude in modern astronomy ¢s construed as south
in as much as the ocelestial equator gefs depressed south :
in northern latitudes. The colatitude SQ in fig. 41 on the :
other hand extends north from the south, so that, it is.
construed. as north.

'The word ‘Samskara' is used in Hindu Astronomy
in ‘the meaning given above in the translation. Fot
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Bhuja is had by a Samskira between A and S. The
meaning of Samskara given by Bhaskara is “ @nfgmnaim:
farafraiias dewic”’ Latitude being regarded as southern,
if the Sun’s declination is 12° north and the latitude 20°,
then as they are of opposite direction, effecting the
Samsk3ira as directed 20 — 12 = 8 = zenith-distance
(South) = Natsa as it is called similarly 70 4 12 = 82 =
Altitude = Unnata ; here we have added because, both
lamba and declination are north. Similarly when § = 24°
north, and ¢ = 20° as before (south)

24 — 20 = 4° = zenith-distance (north) = Nata

70 + 24 = 94 = unnata (north), Bul, we take
180 — 94 = 86°.

In the above working in the first case we found
@ — O, whereas in the second we found 9 — ¢. This
difference in treatment is not taken objection to, since,
the word Antara is used to take the positive value of the
difference alone and so in the first instance the nata is
pronounced as south, whereas in the second it is pro-
nounced north.

In modern astronomy, however, we have the formuls
z + © = ¢, considering z as positive if south, § and ¢
positive if north, Here 8° -4 12° = 20° (first case cited
above) and (— 4°) 4 24° = 20° (2nd case, z being negative,
for, it is north, In the Hindu symbolism we have to
pronounce separately when z is south or north, whereas in
modern symbolism the sign alone informs its direction.
Similarly in the equation A = 8 4 B, we have to pro-
nounce ‘ north bhuja’ or ‘ south bhuja ' as the case may be,
whereas having a convention that § is +ve when north,
and also the Hindu azimuth (measured from the Hast
point) the sign of bhuja indicates its direction, In other
words we differentiate the two cases A — Sand 8 — A
giving them signs and deducing the direction of the bhuja
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from the sign itself without an appeal to a picture or
without ascertaining whether the northern Agra prevails
over the Southern S'anku-tala or the Southern S'anku-tala
prevails over the mnorthern Agra. Thus the Dinardha
Sanku in symbolism = H cos (p + 4) (20).

Verse 33. Here at noon, Drg-jya is the H sine of
nata and the S'anku is H sine of unnata.

Second half of 33 and first half of Verse 34.

The product of R and the unmandala-Sanka divided
by Oharajya is ocalled Yasti. The Yasti inoreased by
Un-mandala-Sanku gives H cos z according as the Sun is
north or south of the equator.

Comm. Unmandala-Sanku is H cos z when the Sun
is on the unmandala, From the sixth latitudinal triangle,
wherein Unmandala-Sanku is Bhuja and Krantijya
Karpa, so by ocomparing with the second latitudinal
triangle (or rather operating with the second triangle to
signify the Hindu method).

Krantijya X Bhuja
Karna
= Hsind X Hsing (greaqy
R

= Unmandala-S'ankua

We saw before Charajya = R tan ¢ tan 9. Hence as
RXHsing Hsin § _ .

R X B tan ¢ tan o Tagti

__ Hoeos p Hoos d

=5 (21).

.. H oos z (at Noon) =
Hsin ¢ Hsin
R
south of the equatior.

directed in the verse

H cos ¢ Hcos8+
R —

according as the Sun is on the north or
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Henoe H cos z (at Noon) = Natajya
Hoeos p Heos d + Hsing Hsin
R
symbolism cos (p T O) already derived under (20).

or in modern

We shall now show how the formulation is done by
the simple rule of three (Ref. fig. 89). If a parallel
through o,d is drawn to cut Aa at a,, then Ag, is called the
Yasti, which is vertical. The triangles Aoa, and Do,d

-are similar so that Aa‘ Dd S Ag, = M.
Ao Do4 De,
But Ao =—=——-—B——-—-—— for, all the lines of the diurnal
Do, Charajya
circle and the equator stand in the ratio

Hoos O_Ao_ Do, _ Kujya . Ao__ R
R R Charajya Charajya Do, Charajya
. Ag, = Unmandala S_’a.l_lku X R Yasti  as
Charajya ‘

formulated.

Now Dinardha Sanku = Aa = Aa: 4+ a,a = Aa, +Dd
= Yagti + Unmandala Sanku. It is evident from fig. 21
why in the northern sphere the sum is to be taken
whereas in the southern, the difference is to be taken.

Latter half of verse 34. Definition of Hiyti and
Antya.

The sum or difference of Dyujya and Kujya will be
similarly Hyti, whereas the sum or difference of Charajya
and radius will be Antya.

Comm. We defined formerly Hiti and Antya
our commentary on the latitudinal triangles. From fig, ¢
Hrti = 0,A = 0,0 + 0A = 0,D + 0A = KuJya. + H cos
(Dyujya) (22).

.«
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In the parallel great oircle, the Equator we have
therefore Antya = Charajya 4+ R (already derived).

Verse 35. Antya = Hrti X R __ Hyti XCha

Hoosd Kujya
. o Antyi X H cos § _ Antya X Kujya .
. Hrti B = Chbarajya by what is

called Guna-coheda-Viparyaya ie. alternando.
Comm. Evident.

Verse 36. To obtain Dinardha-Sanku from Antya
and Hrti
Antya X un-mandala Sanku _ Hrti X 12 _
Charajya K

Sanku.

Comm. The seoond formula is derived from the
similarity of A Ao.a (fig.) with the first latitudinal triangle.
From the similarity of Aao,, Ddo, fig. 39,

Ao./Do, = Aa . Aa __Hrti X unmandala-Sanku

Da Kujya
But Aa = Dinardha-Sanku

.. Dinardha Sanka = =245 YP (U, §, = TUn-
Kujya

mandala-Sanku. )

But Kujya  Charajya

D.S. (Dinardha-Sanku) = =222 e 7 8,
Antya
i X 12

Verse 87. Meridian Zenith distance.
Agrs T Hrti X bhuja of a lat. triangle —
g ~ Karnpa of a lat. triangle

where z is the meridian zenith distance,
33
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Comm. This formula is a special case of the formula
A =S8 + B since the H sine of the meridian zenith
distance is the Sanku-Bhuja at noon. From fig. 39
Hrti X bhuja of a Jatitudinal triangle _ Ow¢ = Dinardha
Karnpa of a latitudiral triangle
Sankatala,

The operation of sign has been already explained.

Verse 88. An alternative method,
The meridian zenith distance of the Sun can be had

also by the formula (Hti & Taddhh) DT

B.L.T. and K.L.T. are the bhuja and karpa of any
latitudinal triangle.

where

Comm. (Ref. figures 43 and 21). Let E, be the
centre of the armillary sphere so that QE.R is the
diameter of the celestial equator which is on the median
plane. Let S, F. S be the diameter of the diurnal circle
of the Sun, which is also on the meridian plane so that
8. F. is the Taddhrti, 8,8 is the Hrti and 8 the position
of the Sun on the meridian.

ey
Hesinz==SM:=SFlsinF,=SFl gin ¢ =

(Hrti — Taddbgti) x % where s/K can bo replaced by

‘—E—E—,}: (s=equinoctical shadow and % the Viguvat-Karps).
In the Southern sphere, H sin z = §/N = S'F/ sin o
= (8/3, + 8,F,’) sin ¢ = (Hrti + Taddhrti) x {.
Verse 39. 8till another way of obtaining the m, 2.d.
(meridian-zenith-distance).

R — H versin (altitude) = H gin z



Fig. 43

This formuls gives not only the meridian zenith
distance but H sine of the zenith-distances of the Sun
when he is on the Kona-Vrtta or prime-vertical or
unmandala,

‘Comm. From fig. 43, Hsinz = SM = ‘
sL = R — H versinc (Ss) = R — H versine (altitude) as
given. Since R — H versine (altitude) = R — {R —
Hoeos (90 — z)} = R — (R — R sin z) = H sin z, so this
formula applies wherever the Sun be. This is almost
begging the question as H sine of z is being sought
through H versine of (90 — z).
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First half of the verse 40. To obtain the shadow 8
and K the Chayakarna of any shadow

Hsmzxﬁl?. S an dRX 12 _

H cos z Hoosz
Comm. (Ref. fig. 44).
12. Hsin z _ 12 H cos z
polosielliiidnindiion = 8. = = - 0E~
T oos 2 = 12 tan z Also K co8 2 R
12R _
g0 that T oon 2

The Hindu method of looking at this through the
gimilarity of AS OM©® and Ogn the gnomonie triangle.
is as fellows. ©M is called Mah3-Sanku ie. Hecosz; OL
is Drkjya or
H sin z = OM. 8

H cosz Hsinz
12 H sin z/H cos z. Also,
12 . K 12 . K- 2R

06 Homz 'R Hoosz Hoeosz'
It will be noted that fig. 44 pertains to any vertical plane.

Second half of Verse 40. The Dinirdha-Karna is
R Xk
Hrti

Comm. The formula is derived through twice apply-
ing the rule of three or what is the same, through the
similarities of two sets of triangles

From fig. 39, 218 — Hti L2

Az Dinardha-Sanka 12 (a)

go that S =

equal to where £ is the Viguvat-Karna.

where K is the required Chayakarpa.

Dividing (s) by (b)

—IQ—IQ/\:'K' . u"—m
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Fig. 44

Verse 41. Alternate method of obtaining K

101530/H sin 42 = para (say) where 1 is the S3yana

longitude of the Sun ; then, Para X 2 _ K where K is

un-mandala-Karna

First half of Verse 42. To obtain K when the Sun is
on the prime-vertical— Para X s/k = Samavrttakarna.

Comm. From fig. 19, from the similarity of triangles

CA

Hsin d E_[_s_ig_}_ﬁﬂis_m_g (a)

Then oconsider the similarity of the first and the sixth
Unmandala Sanku _ s (b)

Krantijya k
where s is the equinoctial shadow and % the Viguvat-
Karpa. Again taking that © the Sun lies on the unman-

latitudinal triangles; then
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Heos 7z _ R _ Unmandala Sankun (©)

dala in figure 44, 15 K 12

Eliminating Krantijya and Unmandala Sankua from
Unmandala Sanku _ s
(a), (b) and (o) Hsin 2H nisw/R &

ie. r -
KH sin 1 Hsin o

19R* X % _ 19m? _ 12X3438
L nw Here Hsin o 1397
= 101531 ; but Bhaskara has taken 101530 taking a

101530 . .
more correct valee of R. ThenH — 213 symbolized as

_ para so that para X ~§- =K=Unmandala Karga. Regard-
ing the Samavrttakarpa, in the place of (b) above we have
Sama-Sanku _ k() Yy the similarity between the
Arduuy)ya v ,

first and the fifth latitudinal triangles. Equation (¢)
holds good with respect to any H cos z and the corres-
ponding K since 12 R = K X Sankuand 12 R is a cons-
R _ Sama-Sanku (o)

K~ 12
eliminating Krantijya and Sama-Sankn among (a), (b/),
(¢’), we shall have

12R*s

= 3
K= % Hsin 4 H sin o para X % a8 stated.

tant. Noting therefore

Becond half of Verse 42. To obtain the Dinardha-
karpa from the Unmandalakarna.

Charajya

Antya = Dinirdhakarna.

Comm. We have equation () above stating
12R = K X Sanku. (c) But
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Ista Sauxu _ o ® = constant = Dinardha Sanku

Ista Hriti N Hrti
__Sama-Sanku _ Unmandala Sanku
Taddhbrti Kujya

Again by virtue of the proportionality of
Ista Hpti _ Hrti _  Kujya (e
Tgtantya  Antya Charajya

Ishta-Sanku _ Dinardha Sanku
Ishtantya Antya

We nave

Sanku
Charajya
Ista Karpa X Istantya = Dinardha Karna X Antya
— Unmandala Karpa X Charajya (f) (25)

Dinardha Karpa = Unmandala Karpa X Charajya
Antya

as stated in the verse.

Verse 43. Unmandals Ka,n:ma, X Ksitijya
Hrti

_ Sama Vrtta Karna X Te
Hrti

Comm. From (c) and (d) above Dinardha Karpa X
Hrti = Sama Karpa X Taddhrti = Unmandala Karpa X
Kujya (g). Khitijya is the same as Kujya.

From this the statement follows :

Verse 44. The ancient Acharyas found the gnomonie
shadows when the Sun is on the meridian, prime-vertical
and the Kona-Vitta (ie, Vertical when the northern or
gouthern Hindu azimuths are 45°) by different methods,
T consider him to be the very Sun illuminating the lotus-
faces of aitronomers, if anybody could give a method to
find the shadow in any required direction, which holds
good in all cases universally.
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Comm. Evident.

Verse 45. Definition of Dikjya H sin (azimuth). The
angle between any vertical and the Prime-Vertical
measured on the horizon is what is called Digamsa and its
H sine is known as Dik-jyi either in the HEastern hemi-
sphere or the Western.

Comm. In modern astronomy azimuth is measured
along the horizon from the north point towards the east
point round the horizon. In Hindu Astronomy however,
the azimuth is measared from the East point on either
side and from the West point also on either side specifying
whether it is north or south.

Verse 46 and first half of 47. To obbain the
gnomonic shadow in any arbitrary direction.

a8 the equinoctial shadow and

Rs
Assume Hoina
obtain the H sine of the corresponding latitude I., Then
the product of that H sin L and H sin @ divided by
Hsin P will give H sin D where D is a hypothetical deali-
nation. With the new L and this D, as the hypothetical
latitude and declination, obtain the meridian zenith
distance by the formula Z -+ D = ¢, and through this
m.x d. obtain the shadow, which will be the shadow in the

required direction namely 12 tan (¢ * D).

Comm. Let gLi be the gnomoniec shadow on the
equinoctial day in a given direction given by a°
Digamsa (the Hindu azimuth) and let gN be the shadow in
the same direction on any day. (fig. 456) We know that the
extremity of the gnomonic shadowon the equinoctial day
traces a straight line parallel to the East-West line Ew
at a distance of the equinoctial shadow s because the
Equatorial plane passing through the foot of the gnomon
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Fig, 45

and that passing through the top of the gnomon being
parallel planes cub the horizontal plane in parallel straight
lines. (This will be also proved analysically subsequently).

Henes LM = s. Now from the figure
LM _ AB_ Hsina g1, Hsina

g, gA Rs I

This ¢Li is spoken of as Igta-Drikmandala palabhz
because it is the shadow on the equinoctial day in
any vertical. LN is the increment in the shadow on
account of declination and we have to compute this and
correlate gL and LN, For this refer to figs. 46 and 47.
In fig. 46, QRT is the cquator, so that when the San is on
the equator on the equinoctial day in the direction given
by ZS, ZT is the zenith-distance. Let ZS be the zenith-
distance of the Sun in she same direction on any day.
From the analogy of finding Hsin § from Hsin 2, from
this figure

34
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H sin SR=Hsin ST:Ez.( HSiﬂT II &nd

PaN
H sin @ SHsinZTRX Hsin T

R _HeinST . 1. on_ Hsin SR
Hesn ¢ HstT”HsmST H sin ¢

III so that

Noting that SR = @ and putting ST = D

. _HSinS . ZT
Hstuwﬂsiné X H sin .

Q
[

=
2

Fige. 46 Fig. 47

The same formnlae are derivable frown fig. 47 also; only
in fig. 46 while there is a decrement in the shadow of the
day as compared with the shadow on the equinogctial day,
in fig, 47, thers is an increment. This is seen from the
decrease and increase of ST in the zenith-distance ZT of
the equinoctial day in the given direction. Now corre-
lating fig. 45 with figures 46 and 47, the shadow gL
perfiaius to the zenith-distance ZT on the equinoctial day
whersas the shadows gN pertains to the zenith-distance on
the day concerned in the same direction. We have,

3] Hsin z RS
N128 4 gt
S is the shadow at any instant when the zenith-distance
i8 z. The process indicated by saying ‘Obtain H sin @

so that == H sin z where
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: Rs . .
construing Hano 2 the equinoctial shadow’, means

computing H sin ZT and there from ZT from the shadow
gL of fig. 45. Then the process indicated by saying

“Obtain H sin D = H sin ZT X H sin § and therefroimn
Hgin ¢

D" means computing ST,

Then clearly ZS = ZT + ST, ie. the required zenith-
distance is got by what is technically called Samskara
between ZT and ST as is stipulated between @ and § to
obtain Z from the formula Z + & = @ (The word
Samskara was defined as meaning addition when the
direotions are the same and difference when they are
opposite). Then the gnomonic shadow is got from this
12 Hsin z

zenith-distance using the formula S =
H cos =z

Thus the procedure adopted by Bhaskara was con-.
ceived by him first having Fig. 45 before him and then
using figures 46 and 47. In this particular process,
Hsgin a is given and Hsin  also, which means that it
is sought to find the shadow on a given day in a given
direction,

Incidentally we shall find the locus of the extremity
of the gnomonic shadow during the course of a day. Lt
in fig, 48 g represent the gnomon's foo}, and S the shadow
whose extremity is p. Required to find the locus of p.
Take the gnomon to be of unit length so that the length of
the shadow 8 = 12 tan z becomes tan z here. Take Eo
and sn the east-west line and the norti-south as the
axes. Then we have

'+ y* = tan® z (1). Bab we have from the triangle
PZS sm O = 8in P cos z + cos P sin z s8in a

e, &)5“‘{5‘6682 =tan ¢ ~tanzsina = tan P +y (2)

ie. seza y + tan ¢ when A =
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| C
]
Fig. 48

But sec z = /1 +tan’z = J2' -9 + 1
No o F 1

A
2+ (1—A% —2A%ytan P+ 1—A%5an*P =0 (3)
From this it is evident that the locus is an ellipse or
parabola or hyperbola according as A§ 1; also it will

=y -+ tan ¢ which veduces to

be seen that the eccentriciiy is A. The locus is wrongly
stiated to be always a hyperbola in some text books. For
it tobe an ellipse A < lie.cos P <sinJie. 3> 90— P
ie. ¢ + & > 90. In such latitudes and under such decli-
nations, it will be an ellipse ie. at a place just norih of
the place where the perpetual day just begins the locus will
be an ellipse. Hence in the arclic region it will be always
an ellipse; and in the place just at which the perpetual
day begins it will be & parabola and in the lower latitudes
it will be a hyperbola, ie. it will be a parabola where the
latitude @ is given by 90 — Q.

When ¢ = 90°, A = = o provided  # 0. If,

however; in addition & = o, A becomes indeterminate, but
we may note then, that the Sun will be cireling round the
horizon on that equinoctial day at the north pole. We
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may further note that at the north pole, the altitude of
the Sun is always O s0 fhat the length of the shadow cast is
always equal to0 cot & and this wiil be infinite when § = o.

If now @ = 90°% and J # o, though A = % S; be

sin
comes zero, A tan ¢ will not be zero because A tan ¢ =
cos P __sing 1 .. °
t = = —= (¢ = .

sin O X tan P sin O sinB( 4 90°) On the

other hand A” tan p = A X A tan p = ——1—— = 0O because
sin

A = o. Thus the term containing y in eqn. (3) vanishes.

.. The equalion reduces to

o+ = A%tan® @ — 1 = cosec® d — 1 = cot* D (ie. +ve)
ie. at the north pole the locus will be a circle with radius
cot . When '

A = o« the locus N&AM =y + tan P becomes
y = — tan P which means that the hyperbola degenerates
into the straight line which is parallel to the east-west
line and is in the north at a distance of tan P ie. s, the
equinoctial shadow since the length of the gnomon
is taken to be uniby. In pariicular when Atan @ = 1 ie.
p = O, the constant in (3) is zero, so that the locus
passes through the foot of the gnomon as is also evident
from the fact that the Sun passes through the zenith,

Taking a northern latitude say 17°, the loci of the
extremity of the shadow are shown in fig. 48A (page 270)
on important days when §=w, when §=o0, when § = — o,
when 8= ¢. The maximum mid-day shadow is
tan (p + w), when § = — w taking the gnomon’s length
to be unity; this shadow is cast north of the gnomon along
the south-north line through the gnomon, on Dec. 23rd of
the year. The minimum length of the mid-day shadow
oecurs when § = ¢, the shadow being zero and being ab the
fuot of the gnomon, the San being then just overhead. The
waximumw shadow cust south of the gnomon at mid-day
is tan (@ — ¢).
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Fig. 48A Showing the locus of the extremity of the shadow on different
days at a latitude of 17°

Note. OA, OB are the shadows computed by Bhaskara when the Sun is on
the prime-vertical.

In the method of finding the shadow under verse 46,
we perceive Bhaskara’s genius in (1) looking upon the
shadow as being made up of two segments namely that due
to p and that due to the declinaticn (2) in conceiving
what he calls Ista-drik-mandals palabha, and Ista-drik-
mandala Kranti and (3) in deriving ths equation

Hein D = H sin Z’I'-X Hsin 8

Hsin ¢

Laitter half of verse 47 and verse 48. Something
to be noted.

In computing the shadow in a given direction, there
may be two shadows at times in the northern hemi-
sphere. When H sin a < Agrid and there will be none in
the southern, To compute the second shadow we have to
take 180 — L also as the latitude where Li is the latitude
computed, and proceed in the same way as we have done
before.
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Comm. Thig too exhibits Bhaskara's genius. (Ref.
fig. 49). Let MQR, be the equator whose pole is p. Let
T, S; Z 8, T, be the circle of azimuth a (Hindu azimuth).
Let 88, S, be the diurnal circle of the Sun cuftting the
above circle of azimuth at 8, and S,, so that ZS, and ZS,
are the two solutions giving the two zenith-distances
which give two shadows in the given direction. H sin MS

I e
= Agrda; evidently MZS > MZS, ie. H sin a < Agrd as
stipulated. ZT, and ZT, give the zenith-distances in the
given direction when the Sun is on the equator. S, T,
and S; T, are the decremenfs in the zenith-distances on

account of declination § (= S, Ryor 8, If MZS, were

A
greater than MZS ie. if H sin ¢ > Agra, we would have
lost the position 8, ie. we would have had only one shadow
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in the afternoon in the given direction and no shadow in
the morning. !

Analytically, the event of having two shadows arises
on account of the following eircumstance. When we are

asked to find Istaksajya from —B—.‘g- the shadow in the
: H sina

given direction on the equinoctial day (Ref. gL fig. 45)
the L for this given value of the shadow is given by

H L= where § = R . We know

sin § = a has two solutions, §,and 180 — ;. Hence L
will bave two values L, and 180 — L. So, Bhaskara has
asked us to compute D;and D, from Iy and L, and thns
have the two solutions.

=,

Ra

Fig. 50



273

Note (1) When Bhiskara said ‘If H sin o < Agra’
he had in mind evidently the azimuth circle MZN which
cuts the diurnal path A Q, R, at 8, and Sa. At S, the
azimuth EZM < EZA so that he stipulated shat H sin a
should be less than the Agra. Bust, let the diurnal path of
the Sun be Q, B, where Q, falls in between 2 and p. In
such a case we know that the azimuth does not take all
values but has a maximum where the vertical touches the
diurnal path at T. From PTZ where T is a right angle,
taking PZT = 90 — a, a being the Hindu azimuth we have
by Napier’s rule sin PT = sin ZP sin (90 — a) or
gin (90—9) = sin (90—¢) sin 90—a or cos O =cos ¢ cos a.
If @ has a lesser value than is given by this equation,
the diurnal path does not cut the azimuth eircle

ie, if cosa >

08 O . ,
, th i i
s o ere will be no shadow in thegiven

direction even though the situation satisfies Bhaskara's
condition namely H sin a should be less than Agra.
Bhaskara has overlooked this case. This may be seen
analytically also as follows, We have from the spherical
triangle PZS, sin § = sin ¢ cos z + cos® sin z sin a
= Acosz + B sin z (say). We know, the maximum
value of A cos z -+ B sin z is ~/A® 4 B®? which is here
Jsin? @ + cos? P uin® @ = W/sin® ¥ + cos® ¥ — cos® @ cos® @
= /1 — cos®  cos® a. Thus there will be no solution for
z if the quantity on the left hand side namely

gin § > the above maz. value ie. if

gin @ > N1 — cos® p c0s® a ie. if sin® §>1—cos®p cos’ a
ie. if cos® § > cos? p cos® a ie. if cos § > cos p cosa

ie. if cos @ > cos J/cos p as derived above,

Hence even if H sin a > Agra, there need not be a
shadow at all in the given direction. In other words when
the Hindu azimuth given is very small and when the decli-
nation is too great north or south, there may not be a

36
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shadow in the given direction. Bhaskara gives an example
where he gets two shadows on a day taking the moments
when the Sun is on the prime-vertical. In fact having
this case of the Hast-West shadows alone, he conceived
that two shadows could be had in a given dirsction under
particular conditions.

He chooses a place of s = 5" ie. a place of latitude
29° — 37/ (Bhiaskara often gives this latitude which night
indicate that he was probably residing in that latitude
which passes through approximately Itarsi), He takes a
day when the Sun’s declination is given by H sin § = 780
ie, = 18° — 7. Then the Sama-Sanku is givea by

I—-i’gi-s—iﬂ-a(compa.ring the second and the fifth latitudinal
ne

triangles
Sama-Sanku _ Krantijya _ Hsin §
R Hsginp Hsing
. Sama-Sanky = B 8in & s-in ot _
H sin ] sin @

438
) X 180 _ 5nos approximately. I

Algo Agri = Reing _ 845,
Co8 @

Knowing the Sama-Sanku, the East- West shadow may
be taken to be determined. Now Bhaskara proceeds to show
that at the time of having the second shadow also, in the
same Hast-West direction, the Sanku will be the same
Sama-Sanku itself. For this, proceeding according to the

method indicated in the verse, * Taking T f:; 2 to be the

equinoctial shadow ete,” we have "

Rs _ 8438 X6
Hsina 0

= what is called Kha-hara Ragi.
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Taking this to be the equinoctial shadow
. R .

Hsin L= A/lz'_“?—{_—_? = R itself (Dealing this way
with Kha-hara Ragis is prohibited in modern mathematics
but Bhaskara adds at the end of the commentary thaf
dealing with them cautiously does not effect computations
which is of course true, for when the equinocctial shadow is
infinity ¢ = 90° so that Hsin p = R as got). Hence
L =90° and 180° — 90° = 90° = L/. Then Hsin D =
R X 780
1322 — 18
go that D = 90 — z. Now irom the equation z + & = ¢,
z=¢ — 0 =L"—D=90°— (90 — z) where z is the
zenith-distance when the Sun is on the prime-vertical.

= same as Sama-Sanknu obfained in I =H cos z

The zenith-distance is again the same z. In other
words, the second zenith-distance is also that when the
Son is on the prime-vertical. Bhaskara has given this
example just to obtain the second shadow as well and he
has ohosen the event of the Sun being on the prime-
vertical to show that the procedure indicated by him may
be verified to hold good.

Verses 49, 60. Alternate method to find the shadow.

Let R?s* + Hsin?a X 12 = prathama where s =
equinoctial shadow and a the Hindu azimuth. Let Anya
— RsA where A is the Agra. Divide the pratbama and
Anya by (H sin® a — A% and still call them prathama and
Anya. Then
K = JAdya + Anys’ + Anya where K is the Chaya-

Comm. Let K be the required Chaya-Karna.

Then Karnagrd = -K-Ré = s -+ b where b is the bhuja.
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_ KA

—s. But H s;n“ = B'S-Wbere 8 is the

shadow 80 that
" Hsina R Hsina

. R(EA — sR) = RHsin a VK* — 12°

ie. R? (K? A’ + & R? — 2 AsRK = H ¢in’ a (K* —12%)
S K*(A* —Hsina) — 2AsRK = — ¢ R* —12° Hsin’ a
s K*(Hsin?a — A% + 2 AsRK =12 Hsin®a +s"R* 1

This-quadratic is of the form az® + 20z = ¢

e, 2 + ng = ¢fa II Here —g i called Adya and 2 Anya.

The solution of the above equation is given by 2 = —-2 +

5_-2 + ¢fa
ie. — Anya + JAnya® 4 Adya. III
When b = ERé -+ s, putting — s in the place of sin I,
K = Anya + JAnya® + Adya IV

Out of the four solutions given by III and IV we have
taking the positive solutiions

K = JAnya® + Adya + Anya as stated.

" Verse 51. If H sin a < A, then in the northern
hemisphere ie. where 9 is north,

+ ~Anya’—Adya + Anya = K,

Comm. We have initially put Anya = H sin® a — A%,
If Hsina < A, them to'avoid a negative value for the
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Anya, we could put Anya = A® — Hsin’a. As a matter
of fact in verse 50, we are asked to take H sin? ~ A%,
a8 Bhaskara wanted that the second case also be ineluded.

Thus putting Anya=A*—H sin® a, équation I becomes
K® (A® — Hsin® a) — 2 AsRK = — (Adya) so that
K = Anya + ~/Anya’ — Adya as given,

Verse 52. The Bhuja is to be obtained through
Karpagra from the equation @ =% + s (already proved)

Rb _ . . _ bR
and 5= Hsma{le.S——Hsma

a8 already proved}.

This H sin a will be the same in the case of obtaining
two values of K ie. two shadows one in the morning and
the other in the afternoon, (the only difference being that
they will be on alternate sides of the East-West line).

Verses 53 and 54. Obtaining the shadow when time
is given.

In the two previous examples the magnitude of the
gshadow was obtained in a given direction; now we shall
obtain the same when time is given, The word unnata
stands for the fime that has elapsed after Sun-rise or that
which is the balance of the day time. The unnata sub-
tracted from half-the-day gives what is called Nata.

The H sine of the uonata minus Chara or increased
by the Chara according as the Sun’s declination is north
or south, is called Satra ; this multiplied by the H cos
and divided by the radius, is called Kala.

Comm. (Ref fig. 51) The time measured by the arc
MN, that is the time in between the moment when the Sun
S is on the horizon and the moment when he is at L is
.oalled the unnata ie. the time measured after rising and
, the time measured by the arc NQ ie. the time in
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_the moments when the Sun is at L and when he reaches
the meridian. is called Nata. In modern astronomy this
Nata is known as the hour angle % and unnata = H — &
where H is the rising hour angle. The time measured by
the arc ME is called Chara, Thus unnata-chara = EN
and H sin EN Hsin (90 — %) = H cos & is called Sutra
whish is BN shown in fig. 52 representing the Equator.
The corresponding line bn in fig, 53 which represents the
diurnal circle, is known as Kalz. Thus Satra=H cos % (26)
and Kalg = 20032 X Hcos® (g9)

When the Sun is in the Southern hemisphere, unnata
is measured by the arc SL or MN ie, (H — %) where H is



Fig. 57
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7\
the rising hour angle and 7 = LPQ and Chara by the arc
EM and Satra = H sin (MN + EM) = H sin (unnata +
chara) = H sin EN = H sin (90 — &) = H cos h.

Verse 55. Sttra multiplied by Kujya and divided by
Charajya will be also Kala and Kala multiplied by the Koti
and divided by the Karna of any latitudinal triangle will
be Ista yasti.

Comm. In as much as Kala is the corresponding line
in the diurnal cirele to the Sutra in the plane of the
celestial equator
Satra _ R _ Charajya . Saira X Kujyva _ Kala
Kala Heos 9  Kujya Charajya
In verse 33, we saw that

Dinardha Sanku — Unmandala Sanku = Yagti.
This Ista-yasti will be therefore the perpendicular dropped
from n, the Sun’s position in the diurnal circle on the
plane parallel to the horizon and passing through the
head of the Unmandala Sanku ie. passing through B and
parallel to the horizon in fig. 21. Since the angle between
the diarnal plane and the versical plane of the yasti is
equal to P the latitude, the Istayasti forms a latitudinal
triangle with the Kala, it being the Koti or side opposite
to the angle 90 —  and the Kald being the hypoten use,

Yasti Koti of a latitudinal triangle
Kalz Karna of a latitudinal triangle
Koti of a latitudinal triangle
Karna )
When the Sun is on the meridian, Istayasti becomes yagti
of verse 33.

= cos P =

Istayagti = Kala X

The formula for Istayasti is therefore

Kala X Heos ¢ _ H cos ¢ E[coshXHcos @
R R R

from formula (27)

_HeospHoeosd Heos b
= - ‘

21
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First half of verse 56, The Unmandala Sanku
multiplied by the Sutra and divided by Charajya is also
Istiayaghi.

Comm. The Unmandala Sanku and Istayasti are
the lines in vertical planes corresponding to Charajya and
Sutra in the Hquatorial plane. Hence the proportion. It
will be noted that the Unmandala Sanku and Istayasti
are not in the same vertical plane but parallel vertical
planes, None the less the proportionality holds good.

Latter half of verse 56 and first half of verse 67,

The Sutva increased or decreased by the Charajya
according as the Sun is in the northern or southern hemi-
sphere is what is known as Istantya; similarly the Kala
increased or deoreased by Kujya is what is known as Ista-
Hiti.

Comm. In fig. 52, Igtantya = AN = AB + BN =
ME + BN = Charajya + Satra. Similarly in fig, 58,
Ista Hrti = an = ab + bn = sg + bn = Kujyi + Kala.

Istantya = Hecos k 4 R tan ' tan p =

g (sin p sin O + cn3 g cos ® oos k) in modern terms (28)
©08 @ COS O

© Latter half of werse 57. Similarly Istayashti
increased or decreased by the Unmandala Sanku is Igta
_Sanku or H cos z.

Comm. Let in fig. 54 which represents the plane of
the prime-vertioal AA/, BW, BB/, FF’, qq’ represent the
lines of intcrsection of this plane with planes parallel to
the horizon and passing through A, B, F, q of fig. 21. Then
Oa = Unmanda-Sanka, OB = Sama Sanku, Or =
Dinardha Sanku. If 22’ be the line of intersection of this
plane of the prime-vertical with a plane passing through
an; arbitrary. position of the Sun in the diurnal circle and
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Fig. 54

parallel to the horizon. then Oz = Ista-Sanku = Oa +
ar = Un-mandala Sanku -+ Ista yasti. ar = yasti.

In the Southern hemisphere Oa, the Unmandala
Sanku will be below the horizon so that Istayasti
decreased by the Unmandala S'anku will be Ista-Sanku.

Thus we have the method of obtaining the Ishta-
Sanku from the Unnata Kala as detailed above. We shall
see what this process means in modern terms.

N\ A\
Unnatakala-Charakala = o PA — APE (Fig. 21) =

Ve
©PE where @ is the foot of the declination circle of the
Sun ¢ in any arbitrary position in his diurnal path. But

N\ ”\
©PE = QPE — QP ©® = 90-% where % is the hour an
Sun, Thus Sutra = H sin (90-h) = H
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Kal = H cosih >1§H 608 9 I
Ista-yasti = H cos & g Hecos 9 < H o](%s ? 11

Now Upmandala-Sanku is derivable from the sixth
latitudinal triangle in which Krantijya is the Karpa and
Unmandala-Sanku is the Bhuja. Comparing it with the
second latitudinal triangle Kri‘glwi = HUéiLSx.q:

U. 8. is Unmandala-Sanku.

where

U.8. = Krantijya X Hsin p — Hsin p Hsin § v
R R

Ista-S'anku as per the above formulation is given by

Ista-Sanku (I. 8.) =

Hesind Hsind | Heosp Heos d Heos b __

R + R’ =k

(Ref. fig. 55) Fig. 55 Formulae for

Z = zenith; P = celestial pole, S = celestial body, say,
the Sun.

= zenith-distance of the celestial body S.



284

PZ = colatitude ; PS = north-polar-distance or co-decli-
nation.

n is called the parallactic angle; % = hour-angle of 8.
(90 — a) = The complement of the Hindu
azimuth @ being measured from the East point.

cos (90~ Q) =cos (90—p) cos z+sin (90—¢) sin z cos (90—a )
} = sin ¢ - 608 z + co8 p sin z sin a (1)

cos z = cos (90 —.p) cos (90 — §) + sin (90 — p) X
sin (90 — &) cos &

= sin p.8in & -+ o8 ¢ cos d cos h (2)
cos (90 — @) cos (90— a) = sin (90 — @) cot z — sin (90 —a) cot &'
ie. sin p sin @ = cos ¢ 6ot 7 — co8 @ cot & (3)

cos (90 —¢) cos h = sin (90 — p) cot (90 — d) —sin kb X
cot (90 —a) “

ie. sin ¢ cos & = o8 ¥ tan § — sin % tan a (4)
sin

§in (90 —a) ~ a = gin k cos O (8)

This means in modern terms

cos z = sin psin § + cos p 608 O cos & V which we
derive from the triangle PZS,

58, To get H oos z from % the hour-angle or
nata Kala.

The H. vers (Nata) is called S'ara (CQ of fig, 52) (29)

Antya — Sara = Istantya ie. FQ —CQ = FC = AN
(fig. 51)

(30)
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Hrtl - phaia = I§t3:"£‘_[rtil ie. fq ~-cq = fc == qu
(fig. 53)

Comm. (Roi. tig. 52). Nawa = are QN
S H. vers (Nata) = QO. (Called Sara) = H. vers (h)
Antyé - S’&ral = FQ CQ = FC = A_N = Igbznbya II

Sara X E%?E@ = prala=cq(fig. 53)= Hvers b ?é Hcos &

Hiti — phala = fg - og = fo = an = Ista-hyti IV

2 59 Phal?_g)_(_}@ﬁi, of a latitudinal triangle
’ Karna

= Urdhwa V
= fr (of fig. 54)

Comm. (Ref. fig. 54) fBr is the corresponding line in
the plane of the meridian corresponding to phala in the
plane of the diurnal circle. As the angle between these
two planes is the latitude itself, by the principle of ortho-
gonal projection namely.

Magnitude of a projected segment = cosine of the
dibedral angle X the magnitude of the segment projected,
since Urdhwa is the orthogonally projected segment of
phala, so, Urdhwa = phala X cos ¢

_ phala X Hcos ¢ v,

_ phala X Koti of & latitudinal triangle a8 stated

Karna of the latitude triangle
Thus Urdhwa = Br (of fig. 54).

30. Urdhwa is also given by
. Urdhwa ___U.S. (Unmandala S’alnku) X Sars
Charajya
Dinzrdha-Savku (D.S.)—Urdbwa=Ista-Sanku (L8.).
H cos z,
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Comm. Since U.S. is the projected segment of
Charajya on & vertical plane and since the diahedral angle
between the planes is ¢ the latitude

it
_E_S_._ = Cos p and so Sara X cos ¢ = Sara X H OOi?
Charajya R
= Urdhwa.

From fig. 54, Dinardha-Sankn — Urdhwa = o'g — fr
(fig. 54) = /B = yX = Ista-Sanku.

In modern times, fhis means,
Sara=H. vers (k) = (R — cos %) = 1—cos h in modern terms
phala = SQEMREE@ = (l—cos k) X 008

phala X Ef%ﬂ ={Urdhwa=(1—c08 ) 608 8 XCOS ¢ ,,

Dinirdha Sanku — Urdhwa == Ista Sanku H cos z
= cos z (in modern terms)

=H cos (p —d) (taking northern declination and following
Hindu convention with respect to signs)
= Dinardba-Sanku
= cos p — © in modern terms,
. cos (p — Q) — (1 — cos k) cos ¢ cos O = 0608 z

ie, 608 p 008 O + 8in p sin & — ¢08 p co8 O + o8 ¢
608 O €08 /. = €08 Z

ie. cos z = sin p sin § + cos p cos O cos & as before,

Verse 61. Computation of H cos z (Mahi Sanku)
through Antya and Hrti.

Let the Dinardha Sanku (D.8.) be computed through
Istantya and Ista Hrti and therefrom Ista Sanku. From
the S'anku, Drik-jya ie. H sin z and the shadow @%—-mz

could be computed —H sin z should not be computed from
Hrti,
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Comm. We computed Dindrdha Sanku by the tormula.
_ Antya X U.B. _Hrti X Koti of a L.T.
DS = "= o
Charajya Karna of L.T.
under verse 36 ; similarly
Ista Sanku (I.8.) will be given by
Istantya XU.8. _ Ista Hrti X Koti of a L.T.

Igta Sanku = -"—=—.""
Charajya Karpa of the L.T.

But Istantya = & (82 @ 8in 8 + 08 p 008 § cos 1)
008 @ GOS8 O
(as under verse 56)

.. Ista Sanku = R (sin psin § + cos p cos § cos
COS @ GOS8 O

Rsin 9 sin ¢
Ftan ptand "0 formulae (18) and (19)
=R (sin p sin J-+cos p cos § cos h)=R cos z=H cos z

Rcos z

Or again Igta Hrti = from formula (11)
08 @

Reosz ><Hcoas ? _R oos 7=
co8 @ R
Having got H cos 7, using the formula H sin® z = R? —
H cos® z, H sin z ie. Drk-jya can be computed. Also K =
12R as= KHsin z . o~

=2 “give the Ch ayi
T oos Za.n § = 8 v iya Karna and Chaya.
Bhaskara cautions us that H sin z cannot be computed
from Hrti as mentioned in verse 37. because there in that
verse, the H sin z computed is that at noon alone.

.. Igta Sanku= Hecosz

Verse 62. Alternate method of obtaining K.

The Chayakarpa when the Sun is on the unmandala
maultiplied by Kujya or that when the Sun on the prime-
vertical multiplied by Taddhrti, or again that when the
Sun is on the meridian maultiplied by Hrti, divided by
Ista Hiti, will be equal to the Ista-Karpa K.
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Comm. Equation (23) under verse 41 is

Ista Sankn _D.B. 88, US —cosg I
Ista Hyti  Hrti  Taddhrti  Kujya

and 'llig _B ?Egs Z (under verse 40)

_12R which means
Ista Sanko

2
Dinzrdha Karpa = %?-SE’ Sam& Karpa ibR

2R
and unmandala Karna = %—g

Substituting for the numerators in I

12R  12R 12R
K X Ista Hrti ~ DK X Hrti ~ S8.K X Taddhrti

12R

~ U.EK. X Kujya
. Ista Karpa X Ists Hrti = S.K. X Taddhrti

= U.K. Kujya
Uumsandala Karna X Kujya

Ista Hyti

_ Sama Karpa X Taddhrti _ Dinardha Karna X Hrti

Tsta Hri - Tsta Hrti .

.. Ista Karpa =

Verse 63. Just a caution.

If in any context where the word @na-yuta has been
used, the quantity to be subtracted exceeds the quantity
from which it is to be subtracted, it goes without saying
that subtraction should be reversely effected and in the
place of addition subsequently preseribed subsraction should
be done and Vice-versa. :

Comm. Bhiaskara gives three examples to illustrate

his point. In verse 54, while defining Satra (H sin 90 —h)
we are asked to subtract chara from unnata when 3>o0
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Fig. 56

and add Chara to Unnata when § < o0 and take the H sine
of the result. Let us first consider the case when & > o.
(Refer fig. 56) when the Sun is at © , Ista Sanku is H sin © L;
and Unmandala Sanku is Hsin BM. When the
Sun is at ©,, Ista Sanku = H sin @,N. In the first case
Istayagti = (H sin ® Lk — H sin BM) which will be the
orthogonal projection of ©® B on the meridian plane.
Unmandala Sanku and the Ista Sanku in the position @,
are similarly the orthogonal projections of BM and © N
on the same plane. In the position © Igta Sanku =
Unmandala Sanku -+ Istayagti, whereas in the position
@,, Ista S'anku = Unmandala Sanku — Istayasti which is
now downwards. Thus in the place of addition we have
subtraction of Istayagti. This reversion has arisen out of

317
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the fact that in the position ©, Sutra is the H sine of
(KA — KE) whereas in the position ®, Stlra is the Hsine
of EC ie. H sine of (KE — KC) ie. in the former position
Sgtra = H sine (Unnata—Chara) and in the lattter Satra =
Hsin (Chara~Unnata). Thus a reversion in subtraction
here, effects a reversion of addition of the Istayasti.

Similar is the case in the other cases cited by Bhaskara,
Analytically this happens so because cos &, when h > 90,
becomes negative and adding cos kb tantamounts to
subtracting sin § where b = 90 + 0. '

Verse 64, Another point to be observed.
Hvers (90 +0) = R —Hcos 90 + = R+ Hsin 0.

The Unmandala Sanku is not observable when g is
gouth in as much as it is below the horizon ; none the less
it may be computed for the purposes of effecting proportion.

Fig. §7

Py
Hvers (CG) = Hvers (COG) = GH

P
Hvers (EG) = Hvers (EOG) = Hvers (90 + 9)
=R+OH'=R+EL =R + Hsin ©
as defined by Bhaskara.
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Comm. Under verse 58, we had to form Hvers h: a
doubt might arise as to what this Hvers % would be if
h > 90. Hence Bhaskara defines it and the definition is
clear from fig. 57. The Unmandala Sanku has the
formula R sin ¢ sin ¢ so that either when  is negative or
when ¢ is negative, it will be negative which means it will
be in the opposite direction ie. vertically downwards.
Since negative latitudes are not considered by the Hindu
astronomers, the other case alone is considered. Even
from g figure it is evident that when the Sun is in the
south of the Equator, the Unmandala Sanku is vertically
downwards. In proportions like I given under verse 62,
we can use the magnitude of this Unmandala Sanku also
and it does not vitiate the results, when we take its
numerical value.

Verse 65. The Sun crosses the prime-vertical when
his northern declination falls short of the latitude. Then
alone there is sense in giving the magnitude of his shadow
at that moment. When the Sun does not cross the prime-
vertical at all, the Sama Sanka which could be computed
out of itis formulation, though it does not exist, under the
Sun, yeb, it could be used in proportions (like I under |
verse 62) and no blunder is committed.

Comm. This is a beautiful example cited by Bhaskara
where he intuitively uses the so-called principle of
geometrical continuity, We have formulated Sama
Sanku as Rs?-1?«8 ie. Hcos z =lj—§1§—§. We have a real

nge sin @ .
value of z when § > ¢, for, then only H cos z < R. Whe

¢ > 9, then H cosz > R which is impossible, for, no
Hindu sine or Hindu cosine could be greater than R just
a8 no modern sine or cosine could be greater than unity.
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R.sm8 will have a value greater than R ie.
sin P

even though the Sama-Sanku is never boru so to say,
it has a magnitude. ‘megulig Trengaad’ Bbaskara
exclaims with respect to the magnitudes of Sama-Sanku
and Taddhrti as well, both of which are not there, yet,
both of which have magoitudes greater than R. So
he says ‘‘those magnitudes of the Sama-Sanku and
Taddhrti are like the sons of a barren lady’, Then
he says ‘azfq ogsas’ ie. ‘ We shall show how they arise.’
Here he uses his intuition of the principle of geo-
metrical continuity. Even when the diurnal circle does
not cut the prime-vertical, their planes intersect, out-
side the sphere and the perpendicular dropped from the
point of intersection on the plane of the horizon is the
Sama S'anku which has a magnitude greater than R.
Similarly the Taddhrti could be seen what it is now.
These magnitudes can enter into a proportion like the I
in verse 22, and do help us to get the other real magnitudes
like the Unmandala Sanku ete,

Yet

Verses 66, 67 and first half of 68. To obtain the
tiime from the shadow,

- ~ . U.K. X Carajya _ DK K Antya
Istantyaka == IR IR,
R‘A
T Heosd X LK.
Dinardha — & = Unnatakala
where K = Karna, k = Vishuvat Karna, LA. = Istantya,

Comm. We had under verse 62,

Ista-Karns X Ista-Hrti = D. K. X Hybi = B. K. X
Taddhrti = U, K. > Kujya multiplying throughout by
B _ ‘

Hoos & '
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Ista-Karpa X I. A, = D.K. X Antya = U, K. X Carajyi
D.K. X Antya - U.K. X Carajya I

80 t};a.h LA =

LK. LK.
_12R
But U.K. = s, (verse 40) |
.. UK., X Carajya = 12R X Cerajya
U.S.
__12R X Kujya X R _. .~ _ Kujya X R
=08 X Hoos§ ‘0oeCaraisd = =5~ =5

But Kujya and U.S. are the Karnpa and Koti of the
geventh latitudinal triangle so that %l:lsl.@ = Iké
Comparing with the first fundamental latitudinal triangle.

.~ 19R*X k& kR?

s UK = =

UK. x Carajya Hecosd 12 Heos

Hence substituting in I

LA, = U.K. X Carajya _ kR?
- LK. Hoos 3 X LK.

Thus we have proved the first part of the statement.
Having obtained I.A., from fig. 62 we have Antya — I.A.
=(FQ—AN)=0Q. The Utkrama Capa of CQ = NQ =1
and Dinardha — # = Unnatakala. Let us see what this
procedure means in practice. Since on any day at any
place, P and the declination of the Sun are known we can
compute all the magnitudes given in the verse or more
easily H cos § so that from the formula Istantya =

12R? -
Hoos § x LK. voere K = V8 413, the shadow being

observed Igtantya could be computed in no time. Also
the Antya of the day R-+(H tan  tan 3) can be computed
80 that the segment CQ can be got. The inverse Hversine
of this is 2. The are CQ above was symbolized as S'ara,
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= ’ . kR‘Z .
Bhiskara’s proof of ILA, = T proceeds

Hecosd X 1.

from first prineciples as foliows:—(i) If by £ we have 12 as
the Koti what have we for R? The result is H cos z,
Mahzsanku, .. Maha Sanku = %— From MabaSanku
we pass on to Ista Hrti with which it forms a latitudinal
triangle. If by the gnomon of 12 unite we have % the
Vishuvat Karna, what have we by Maha Sanka? The

. 12R , k __ kR .
result is iR X BoIR Again from the Igta-Hrti we
s R
sontoI.A. b 1tipl =
pas ] v multiplying byH 03 80 that I.A.
—-—————k—R-——- ag given
Hecos d X LK. )

Second half of wverse 68. The inverse Hversine if a
quantity z greater than R, is 5400 + H sin ~* (@) when
z— R =20. ‘

Comm. Since Hvers (90-+0)=R-+H sin §=xz (say)
90 + @ = Hvers * (R + Hsin ) =

But 90° are equal to 5400 asus and §=H sin * (H sin §)
= Hsin 7 (#z — R) = (S ST sa=1qy,

. 5400 + BrsaifasmussAarey, = Utkrama Capa of a
quantity.

Verse 69, Alternate method of obtaining the time
that has elapsed after Sunrise noting the shadow S.

Subtract Charajya from or add it to Istantya according
as O is north or south. Obtain inverse H sine of the
remainder and add the Caracapa to this inverse H sine.
Then we have the unnatakala by converting the result into
time.
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Comm: Ref. fig. 52. I.A. = AN. L.A. — Carajyad =
B.N. Hvers ' (BN) = arc EN.  Arc EN + Caracapa=
EN + EM = MN. This couveried info time is evidently
the Unnatakala becaus: the ave MN of the squator is the
arc intercepted betw:.en the feet of the declination
circles at rising and at the tiwe concerned M being the
foot of the rising declinatiou circle ana N the foot of that
at the time in question. The convention of signs is

clear.

Verse T0 and first half of T1. To obtain the Sun’s
longitude from the shaiow 8.

The gnomonic shadow at noon, being maultiplied by R
and divided by K, the inverse H sine of the result gives
the meridian zenith-distanga. This being decreased or
increased by the Iatitude gives the Sun’s declination
according as the extremily of the shadow is north or

From the declination, we have the Suun’s longitude
by the formuls Hsin § = H sin EP:H sin ¢

Comm. We bave from the triangle formed by the

gnomon and the shadow S, % = gin z or §KR— = H sin z
.. Hsin™ (%?) =1z. Since we are directed to fake

the mid-day shadow, we have the meridian zenith-distance.
and from the formula z+ = @ we have d. If the
extremity of the shadow be north, the Sun is south of
the zenith, and then P ~z=§. The word fagwan is
used to signify differcnce which is positive. If z > ¢
then the declination is south and vice-versa. If the
extremity of the shadow is on the south, the Sun is on
the north of the zenith. in which case ¢ +z= .

Second half of verse 7T1. To obtain ¢ from .
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If the zenith distance and the declination are of the
game direction, their difference, otherwise their sum will
be the latitude. :

Comm. Suppose the zenith-
distance is north and deoli-
nation also north, then
clearly from fig. 58, in this
position S, of the Sun QS, —
78, =¢ =0 —2Z (1) Again
in the position S; of the Sun,
zenith-distance is south and
declination is also south ; so,
here also difference gives ¢

Fig. 58 ie. ZSa it st =27 — 8 = QS.

(3) In the position S, how-

ever, 7 is south and @ is north, so that their sum is

equal to @¢. It will be noted that the Hindu convention

of signs does not contemplate negative declination and

algo it uses the word ‘difference’ to signify the positive

difference, as for example, in the first two cases 9~ Z is

taken as ¢. The modern formula Z + & = ¢ applies

universally with the convention that & is +ve if north,
¢ is +ve if south.

Verses 712, 73. To obtain the Bhuja from the shadow.
A XK
R
the Chayikarpa. This Karnagrda is to be taken as
belonging to the opposite hemisphere to the Sun. Calling
thiz Karnigra as a and the equinoctial shadow as s, a + s

Karna Vritiagra =

Where A = Agri and K

according as ® is south or north gives the Chayibhuja b,
Thus a ¥ s == h. If the extremity of the shadow be on the

north and O lLe north, then db+a =s; if § be south
bo~a=gs I b benorth, b~s= A, otherwise ie. if

X
gouth &+ s = a. RK 2
Agra X Koti of latitudinal triangle _

of the latitudinal triangle

= Agra and

sin
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Comm. These verses are very important and the
contents have been already elucidated under verses 13-17.
We shall elucidate the convention of signs in more detail
both from the modern point as well as from the Hindu
traditional point. First we shall discuss the modern. We
have the formula A = S + B where A = Agra, S =
Sankutala and B, Sanku-bhuja. Let us confine ourselves
to north latitudes alone, for, south latitudes did not
concern the Hindu astronomers. Then treating north
declination as positive and also north Hindu azimuth as
positive the above formula holds universally. (Ref. fig. 69)
Let the figure represent the meridian plane. Let S;, S;, S,
be the projections of the Sun’s positions in their diurnal
circles on to the meridian plane. Let A, B. be the

Fig. 59
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projections of the rising points of the Sun on the same
plane. Let perpendiculars be dropped from §,, 8y S, 0n
the plane of the horizon. Let o be the centre of the
sphere. Let ns be the north-south line. In position 8,
8,C = Sanku-Bhuja, KA = Sankutala, oA = Agri, so
that A=S8-+B (1) In the position 8; S;D = Sanku-Bhuja,
LA = Sanku-tala, oA = Agra, so that B 4+ A = S; but
here B is negative, a the azimuth being south so that writ-
ing —BforB, —B+4+A=8 .. A=8+4B again. In
position S;, OB=A, MB=8, OM=B so that A+8=B;
but here A is +ve, O being south and B is negative a
being south ; hence writing — A and — B for A and B
A+8=—B or A=8-4 B again. This shows that
with the convention cited above A =8 + B holds good
universally.

Now let us consider the situation with respect to
the Karnigra. Eachjof the three quantities a, b, s bave
now opposite directions, If & be north, the Sun will be on
the north of Equator, but the extremity of the shadow will
now be on the south of the Equinoctial shadow line
(E.8.L.) ie. the line which is parallel to the East-west
line at a distance of the equinoctial shadow s, and which
is tbe loous of the extremity of the shadow on the
equinoctial day ; thus when the Agra is considered to be
positive being on the north of the East point, the
Karnagra, though it is on fhe south will have to be
oconsidered positive. Similarly when the azimuth of the
Sun « is on the north of the prime-vertical and is so
considered to be positive, the extremity of the shadow
being on the south of the Hast-west line and has a
negative azimuth, the bhuja is gtill to be eonsidered
positive. Again the Sankutala being always south of
the Udayasta Sttra being considered south and positive,
the corresponding quantity into which it gets converted
on the horizontal dial namely the equinoctial shadow s
will be north of the East-west line and will be considered

39
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positive. In other words in the equation a = b + s, a
is positive when Q is north, b is 4-ve when the azimuth of
thé Sun is north of the East point, and 5 is always
positive. Since in north latitudes, Sankutala will be
always south of the Udayastasttra and considered positive,
the E.S.L. will be on the north of the HEast-west line so
that s is considered positive. 'We should have had to
considerts negative in southern latitudes, as per the above
convention but as the Hindu astronomers did not have
to concern themselves with south latitudes, the question
of sign for s did not arise except taking it as always posi-
tive. Hence the equation @ = b + s will hold universally
with the same conventions of sign which we stipulated
with respect to the equation A = B + 8. The foregoing
analysis is on the modern lines, "

—

.\m
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"Now let us see bow the convention of signs is
stipulated in Hindu astronomy with respect to the equation
a=1>b+s. We have said that ‘s’ is always north of
the East-west line and considered positive. Regarding
‘a’, it is said by DBhaskara sgEami@rT which means
that when @ is north and the Sun is said to be in
northern hemisphers, a is said to belong to the southern
hemisphere. Also when the Sun is on the north of the
prime-vertical and S'ankubhuja is considered north, the
Chayabhuja being south of the East-west line is considered
gouth. With these conventions of direciions (we say of
directions, and not signs because the Hindu astronomers
do not speak of signs but only of directions) it is stipulated
in Hindu astronomy that quantities of like directions are
to be added, otherwise their difference is to be taken

i, fr=famy: svacy’. This convention stipul-
ating addition or difference is technically called *
Samskara ’. That is why it is said simply

ie. ‘Samskara (on the aforesaid lines)

is to be effected between a and s to get bhuja b°’. Here it
may be reiterated that the word ‘sreaxqg’ ie. ‘ difference’
is used in its restricted sense namely that the positive
difference alone is to be taken., Thus the ‘antaram’ of
8 and b is 3 as well as that of 5 and 8 is also 3. Then it
might be asked how to decide the direction of the bhuja, if
we were to take s as equal to a~bd and not a-b or b-a.
The answer is that between ¢ and s whose directions are
known as per the aforesaid convention, equating their
difference ie, a~s to b, we have to take b as having that
direction which is indicated by that-quantity either a or s
which has a larger numerical value.

Thus while on modern lines we take @ =b-+s to hold
universally with the convention of signs which we have
agreed to on modern lines namely that a is +ve if O is
north -and b is positive if the Hindu azimuth is north of
the, East point and s is always -+ve, we take on the Hindu
lines a+s=> with the conventions stipulated with respeat
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to directions (not of signs) namely that o is south if- @ is
north, s is always north and b is to be taken to belong o
that direction to which the numerically bigger quantity of
@ and s belongs in the case of difference. Also it is to be
taken to belong to that direction of @ and s when both of
them have the same direction.

With this convention in mind, Bhaskara clarifies the
convention by citing examples.

(1) 8=5, 9 is north, Agra=916/-48" K=30 so that
a KA _ 9—1—,6—%3—(—@ = 8 units (south, because it should

be taken to be sgEIMaT ie. belonging to the direction
opposite to that of ).

Question. “ What is b and of what direction ?”’

Answer. b ==a+s = 8 (south) ~ 5 (north), (We are

taking the difference because Samskara is to be construed
as addition of quantities having the same direction and
difference of quantities of opposite direction .. & = 3
and s on the south because the numerically bigger quantity
of 8 and 5 belongs to south.

Q. 2. Qisnorth 8=5, A=916/-48" ; K=15, *what
is b and in what direction ?’

Answer. KRA 4; b = a+s = 4+5 = 4~.5 (here

a is south ® being north and s is norhh so that difference
is stipulated as above) = 1 (north because 5 belongs to
north.

We add here two more examples to illustrate addition
by saying that & is south in the above examples 8o that a
is north in both the examples. Hence in (1) b=8-45=13
(north) and in (2) b=4-+6=9 (north). Refering to Fig. 60,
we see there three ocases depicted namely the extremi-
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ties of the shadows being A, B and C. In the first case
AL = Karniagra=qg (Karnagra is the distance of the
extremity of the shadow from the H.S.L. namely K.L.R.
whereas bhuja is the distance of the same from the East-
west line namely PMN) AM = bhuja and ML = sso that
b=a-}-s addition being justified since both « and s are of
the same direction namely north. In the sedond dase
BK = Karnagra, BN = bhuja and NK = s so that b=g—a,
the difference being justified because a is south and s north,
Here we have taken the difference as s-a and not a~s
because s is numerically greater and being orieni:ed north,
the bhuja is north, In the third case, PR=s, CP=5 and
CR=aqa so that b=a—s, the difference being justified be-
cause s is north and & south. Also we have taken the
difference as a-s and not s-a because a is numerically
greater and as such lends its direction namely ‘south’ to
the bhuja. Thus in the three examples cited, addition is
prescribed between a4 and s only when the extremity of
the shadow is to the north of E.S.L. In the case of
A=8-+B or B=A—Salso, addition is prescribed only when
O is south, which means that the corresponding @ ie. AL
is north, In fact the preseription of addition or differ-
ence accord in the cases of both the equations either

Verses 14 and 75. Hereafter questions are bemg sef
a.nd answered on diurnal problema

Seeing ‘the shadow of the gnomon, the azimuth and
longitude of the Sun or seeing two shadows with their
respective directions, whoever knows the equinoctial
shadow of the place, I consider him as the Garuda or Eagle
who could overcome the false pride of puffed up snakes of
agtronomers.

@iven that when K=30 units, the bhuja is 3 units
south, and when K=15, the bhnja is 1 unit north, com-
putse the latitude, or again given H sin O = 846 and given
Kand b ofa sbadow compute the equinootial shadows.-
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Comm. The questions are olear the second verse

illustrating the first.

Verse 16, Answer of the first question.

b Ku:anx
Kg ~ Kl

or opposite directions.

= s according as the bhujas are of the same

Comm. Suppose b, and b, are of the same direction so
that b,=a,—s and b,=a,—s, taking the modern convention

K,A
of signs, Bula, = KT‘Aand ag = _ﬁ-
A-——‘%A—-.sandb,z——%é—,

K, b, — Ki by = 5 (K, — K,)
. AN AN
K! - Kg

' I, however b, and b, are of opposite directions ie. of
opposite signs, writing —b, for b,, we have
K.b, + K, b,
Kl - Kx . .
modern oonvention of signs; otherwise we have to oon-
sider four alternatives, for, bhujas of the sams direction
might mean both of the type OC (fig. 60) or both of the

type of OB or one of the tyye OB and one of the type of
OA or both of the type OA

s = Here we have chosen to follow the

' :. Verses 17 and 78. Aunswer to the seaond question.

Let Laghu = L =(K~§iRi“_§)*; 12 (L~?) = Adya;

Para = 12°5. Let Adya and Para be divided by La~19;
eall them still Adya and Para; then NPara’ + A - Para
= s acoording as b is north or south. -
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Comm. The data are

z Hsin J, Kand b; since K
:T@T\\ and b are given a is known.
~ Thus from the triangle PZS
(fig. 61) we have sin d =
sing cos z+cos¢ sin z sin a,
/ Ge-§ all quantities except ¢
are known. Solving this
trigonometrical  equation
which is of the form a cos ¢
+bsing = ¢, we oan
Fig. 61 have d' ’

We shal! now see how it is solved by Bhaskara. Let
s be the equinoctial shadow, Then

KA _KHsin
a=b+s= B Hosg
12 _ Hoeos ¢
Bub K Jixrig- ® P that
H oos ¢ = NrEsT, li_R o+ Substituting in I
KH sin § V12* F &
b =
i 12R

which reduces to 12* R? (b + s)* = K® Hsin® & (12° + &%)
S~ de, sP(12°R* — R*Hssin?d) + 20 12° R2s =
12% {(H sin® §) K* — »* R*}
o & (12’ IE—E—SEP—-'S) + 2 125, 5) = 18

K K*Hsin’  _
(2 -¥)

K*H sin® 9 .
Rﬁ

19° (K’ Hsin" § _ b') put as Adya and 12' b is pqﬁ:aspdﬁ.

Here is symbohzed as L

,Ri
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So the equation reduces to
(18 — L) + 2, Para s = Adya; Divide throughout by
. . Para - Ady
12® — L and put'again T Para and oL
Adya Then the equation reduces fo 4+ 2 Para_s =
Adya; completing the square (s + Para)® = Para® + Adya

s + Para = /Para® + Adya

s == J/Para® + Adya — Para as one solution.

‘We have taken to start with a = b 4 s which holds
good according to the Hindu convention when & is
south ; if, however 4 is north @ = b ~ s 8o that (b ~ s)? =
s* + b® — 9bs. So in the equation we have to write —g
for s, so that we have now s* — 2 Para s = Adya ie.
(s — Para)® = Para® 4

s = ~Para® + Adya + Para as the second solution.

Verse 79. When the Sun’s longitude is '135°, the
shadow of the gnomon is 12 units and west. What is the
latitude ? :

Comm. Here is a method of obtaining the latitude
of the place by observing the gnomon’s shadow when the
Sun is on the prime-vertical.

Verse 80. Answer to the question above;
12R

7 = H cos 7

= 12 Hsin &
~Sama-Sankn® — H sin? §

Comm. Solution in modern terms.

.S = 12 S. tanz =1 .. z=45; but when the
Sun is on the prime-vertical, we have by Napier’s rule ., .

[

“Bin § = sin ¢ cos z = sin ¢ 3. But sinoe 4 = 135°
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Sin § = sin 1sin & = sin 135 8in @ = J/3gin o
Soosin ¢ Vg = N2s8in o Soow=¢
. tan ¢ = tan 24°
= 4452 .. 8 =12 X 4452 = 5.3424 = B/ — 90/

Bhaskara’s solution. Taking the fifth Iatitudinal

hriangleH sin & _ where 2 is the Koti
z 12
12 H si .
s = .-_;.SE_B . But we are given that the Sama-
Sanku ie.

Heosz = Reosz = J2 because z = 45° when the
shadow equals the length of the gnomon.
H sin 1 Hsin o _ Hsin 135 H sin o

and Hsin d = "““”R'—““ e
H sin 45 H sin o Hsinw _ Hsinw
= = )
R R/N2 X B 7
~x=~NSama-Sanku® — H sin’ 3 = \/m
2 2
Hcosm C o= 12 Hsin 8 X v2 _
vz H cos o -
12 H ¢cin » N2
N2 H cos w
_12Hsinw __ 12 X 1397

Hoos w  ~8438% — 1397°
since H sin @ = 1397 (verse 12 Spastadhikara)
= 5// — 20///

Verse 81. Two more questions.

An observer at Ujjain observed that the Sun was on
the prime-vertical 6 nadis after Sun-rise or 5 nadis after-
noon. If you could give me the declination of the Sun at

40
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that moments I would reckon you as one who could be

well compared with the goad that could be applied to the
head of the wild elephants of puffed up astronomers.

Verses 82, 83. Answer to the first question.

Assume the H sine of the Unnatakila to be Ista Hrbi
in the first place. Multiply it by 12 s and divide by %* the
square of the Visuvatkarpa. Then you get an approgimate
value of Hsin . Then compute with this, Hsin g,
Cbarajya eto. and thereby obtain a more correct value of
the Ista Hrti, Multiply this by the H sin & got before
and divide by the first Hrti assumed. Then we havea
pearer approximation of H sin §. Repeat the process till
& stationary value has been reached. That will be the
correct H sin 9.

Comm. Woe know that H sine of the Unnatakala is
nearly the Istantyaka. It will be noted that Istantyaks
is the sum of two H sines namely (1) Carajya (2)
H sine of Unnatakila minus Chara. The second H sine is
called Sabra or H cos h. (Vide page 278).

Thus Swmira + Carajya = Istantyaka whereas
H sine (Unnatakala) = H sine of the Capas of Carajya and
Sutra. In other words H sin (Unnatakala) =
Hsin (H sin-* Carajya + Hsin™' (Satra)). Ista Hrti is

Istantyaka X E__f%sj_ But we do not know H sin & so

that Ista Hrti could not be got. So we will not be far
from truth in assuming the given Unnatakila to be Ista
Hrti itself ie. Taddhrti here, as the Sun is on the prime-
vertical. The formula for Taddhrti is

R®. Hsin _K*'Hsin §

H cos ¢ Hsin ¢ R‘klngX—';‘ 12s
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Taddbrti X 12 s

———
of the given Unnatakila to be Taldhrti and multiplying
it by 12 s and dividing by 4* we have the value of Hsin g.
But this is approximate because the given Unnatakila is
not exaotly Taddbrti but only an approximate value.
From this Hsin 9, compute H cos 9, Charajyz, Kujyd
and through the process indicated in verse 54 namely
“Bubiract the Characapa from the Unnatakala. The
H sine of the result is called Satra. Multiply the Stira
by H cos 9 and divide by R; then we have Kali. Add
Kujya to Kali; we get Ista-Hrti’’, we obtain a more
correct value of Taddhrti, Then here we may cuf short
the process as follows namely *If by the assumed Taddhyti
we had the previous H sin Q, what shall we have for this
more approximate Taddhrti’? The result will be a more
approximate value of H sin 8. Again form the Taddhrti
with this H sin ¢ and so repeating the process till we have
a stationary value, we have the correct value of H sin @.

= gin §. Thus assuming H sine

Note. This is a beautiful example of the method of
successive approximations which is a modern technique
but which was so much in vogue and favourite with the
Hindu astronomers. (It will be noted how to cut short the
method).

Verses 84,85, Answer to the second question.

Obtain 12° R*/(R* — H sin® ) s* 4 1 and divide R* by
this and take the square root which gives H sin §. Then
R X Hsin

Hsin o
of the Sun.

gives H sin 4 whose Capa gives the longitude

Comm. The H sine of the given Natakala is Hsin b
and R* — Hein® » = H cos® h. Let H sin 9 be z, which
is required to be found. Then R*® — 2* = H cos’ §;
H cos » = Sitra and



Sttra XHcosb\:Kali—__HcosthosB___
R R
Hcos 2 ¥R? — 4

R
But Kali is the Koti of the fifth latitudinal triangle of which

. . . Kala X 7 =Hsin8=x
H sin O is Bhuja. Henoce  oos

y: ocos h NRT —x° o Hsingd _ .. .. Hsin

= x; but
R H cos ¢ uHcosas

2__ Ly} h/ R‘:!_ 2 82
Squaring both sides (R-H Sng ) (B —a’) X 5 ="

12 R* »*=4* R* (R®*—H sin’ &) —s* »* (R*—H sin® &)
ie. x*{(12* R*+s' (R'—H sin® h)}=s" R* (R*—H sin’ %)
¢ B (R* — Hsin® 1)

2 _
YT R T & (R — Hen R)
R’ . .- R
12° R* T 12* R®
" 8 (R*—H &in® ) +1 l\/s“ (R*—H sin® )

H sin § as given. From H sin &, the method of obtaining

Hsin 1 H sin —Hsin §. In

418 clear from the formula' R

: : — R oAl 360° o
the given numerical example % = 6 n3idis = 5 = 30

since 60 nadis of time correspond to 360°,

Thus H sin & = ?; the remaining work follows,

Verse 86. Another question.

When the Sun is on the prime-vertical the gnomonio
shadow is noted to be 16 inches. The Unnatakila is 8
.nadis. If you could give the H sin § and s, I shall con-
sider you nothing short of one who is an adept in solving
the totality of the diurnal problems,

Verses 87 and 88. Answer to the question,
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Here also assume H sin (Unnata) to be the Taddhrti
ag formerly done. Then as the shadow is 16%,
K=n16"4+12° = 20". Then Heosz = I%E:é% X 84388
Unnatakala = 8 nadis = 48°,

H sin (48°) = assumed Taddbrti. Then from the

fourth latitudinal triangle, Hsinds _ %
cosz 12
. . . 12Hsin48 _ 20 Hsin 48
.. A fl l f k == .
pproximate value of & is = 130 X 3438 3438

This is & known quantity from which s could be ecomputed
gince 122 + s® = k. Again from the fifth latitudinal
. H sin 9
lel =
triangle 7 S 8.
Here s, # and 8. S. (Samamandala-Sanku) are known
H sin @ could be got approximately., Thus we have
found approximately the required quantities s and H sin Q.
From this H sin § and s we have to compute again H cos 9,
Carajya, Kujya, etic. and applying the procedure of verse 54
H sin (Unnaba-cir%) X H cos § + Kujya = Tsta Hrti; this
is nearer value of Ista Hrti than the assuffed Taddhrti.
From this again obtain as before s and H sin §; we could
not apply the proportion “ If by the assumed Taddhrti we
have the previous H sin 9, what shall we have for this
computed Taddhrti (Ista Hrti)™ for the reason given
below. So Repeat the entire process till an invariable
quantity is got which will be the correct value of H sin 3.

Here repeating the entire caloulation is correct and
Rysin @

i i e Taddhyti = . ——— 9
not taking the proportion because r §in g 005 g
where sin 6 and sin ¢ are both to be computed.

Formerly we could take the proportion in verse 81
because the latitude of Ujjain being known, in the magni-
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. H . .
tude of Taddhrti namely Sffn ésm 805 only Hsin g is

variable and Taddbrti is directly proportional to H sin .
But in the pre ent example both H sin § and H sin ¢ are
both variables sc that, that kind of rule of three does not
work.

Verse 89. Oh! Mathen atician! Af a place where
s = b”, there 10 nadikas afber Sun-rise the shadow S is
observed to be 9”. Tell me what the longitude of the Sun
would be, if you are an adept in computing as well ag
understanding the geometry of the sphere.

Verses 90, 91. Answer to the question posed.

Assume H sine (Unnatakala) to be Istantyaki. Then
K X Hecosz X R

12 X L. A,
R* — H cos® 6 = H sin® 6 ; from tbis approximate H sin é
and the given s compute & more approximate I. A, Repeat
the process till an invarizble quantity is obtained for
H sin ¢, which will be its correct value. From this, using
H sin 2 H si

R

H cos @ where I. A. = Istantyaka.

the formula E sin 6 =

Comm. We know the formula for I. A, as
R?*H cos z
H cos » H cos §

Hsin (Unnatakala) =

Assuming Unnatakalajya as I. A.

R*H :0
H cos 9 Hcos é
R°Hoeosz _ k X R X Hoos z
12 R. [.A. 12 X L. A,
k
which obtaining H sin 6 and proceeding as indicated we
have 4 In the above proof we have used our formula.
But Hindu Astronomers procesd from first principles. Let
us hear Bhaskara. Since 8 = 97; K = JgF |~ 18 = 16"

; from
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. Mah3-Sanku=T cos z= R’ém = 343?;12 = 2750 —24.

We know that Mahi-Sanku forms a latitudinal triangle
with Ista Hrti.

H cos z 12 _ o
Ista Hrti =7 Tsta Hrti = "
Istantya = Tsta Hiti X Ry Hooso=
. H cosé Istantya
_HooszXkXR

12 X I A, substituting the above value of Ista

Hirti. Here H cos z is got above and I. A. has been assu-
med above as H sin (Unnatakala).

Note. (1) Computing

18R Ns + 1y X
15~ 12 X H sin (60)
R* X 18 _ 13 RX2
16 H sin 60 15XN3

invalid.

Here H cos 6 > R which is

(2) This is the only place where Bhaskara gave a
numerical example with & slight flaw. In other words,
under the given circumstances the shadow must be greater
than what is given, However, the procedure indicated is
mathematically correct.

(8) It is interesting to note that the law was noted
by a commentator named Laksmidasa as reported by
Muniswara in his Marichi Bhasya. Muniswara also
noted the flaw but argues away in an untemable way.
Another commentator named Ganes'a who was the author
of the commentary named Siromanipracaya, does not seem
to have noticed the flaw, or even if he did notice, probably
he fought shy of pronouncing that there was a flaw. In
fact a simple flaw like this in numerical examples, is not
in the least derogatory to the prestige of Bhaskara. 8o,
the commentators who happened to notice the flaw need
not have pointed the same.
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(4) Or again in the given place, for the value of
H cos 6 to be valid the Unnatakila z must be such that

15 H sin * > 13 R so that H cos 6 might be less than R.
This means sin x > 12 = 8667 so that x > 60°—4"; s0
instead of 10 nadlkas if the time were given to he just
even one Vinadika greater, it would bave been alright, or
again if the latitude were given to be just a little less it
would bave been alright.

Verse 92. Oh! Mathematician! please tell me the
magnitudes of the equinoctial shadow and the longitude
of the Sun if at a place on a particular day, Kujya is 246
and Taddbrti 3125.

Verse 93. Answer to the questiou above.
= ,\/ 144 Kujya  4nq | gid 6 — 12 Kuiya
Taddhrti—Kujya s

and H sin 4 =M.
H sin @

Comm, TFrom the fifth latitudinal triangle compared
‘with third,

Kujya  _ Krﬁntijyi_ — Agra _ s

Krantijya  Taddbrti—Kojya 8, 8. 12

(1) (@) 3 )
Multiplying (1) by (8) ~— S0a __ _ &

Taddbrti—Kujya  12°
s = \/ 144 Kujya

Tdddhrﬁl—Kuna Also Equating (1) and (4)

Krantijya = —s Kuin.

Verse 94. Given that H sin § 4+ 8. S, + Taddhrti—
Kujya = 6720, and Kujya+Agra-+H sin 6 = 1960. Then
I shall consider him who finds s and the longitude of the
Sun as the very Sun illuminating the lotuses of astronomers.
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-~ Verse 95. "Answer to the question above. ~

Divide 12 X Second sum by the first sum, that wxll

12 X Second sum
2 fs+ & Hsin 6. From Hsin 6, 4

could be had ss before.

be s. Again

Comm. Comparing the third and fifth la.tlbudma,l
triangles

_ _ __ Krantijya _Agra _ s
Krantijya  Taddbrti—Kujya S. 8. 12
Kujya 4+ Krantijya + Agra 1960 _ 7

Krantijya 4+ Taddbrti + S. S. — Kujya _ 6720 2‘;
s =17/24 x 12 = 7/2 = 3}". "

Again comparing the third and the first latlﬁudmal
triangles

s 12 _ k — s+ 124 %
Kujya Krantijya Agra Kujya -+ Agra + Krantijya
1) (2) @) @) -
~st12+%
1960
(6)
Equating (2) and (6) Krantijya = 11221 :?f-ok

12 X 1960 _ 12 X 1960
34 4 25 28
= 26/2 which is the hypotenuse of the triangle formed
by the equinooctial shadow wifh the gnomon.

= 840 since when s = 7/3

Equating (l) and (b) Kujya = 245 ; equating (3) and
(5) Agra = 875.

Now from the fourth latitudinal triangle compared
with the first Agra _ 8. 8. _ Taddl;'gbl |
v R 12 ko
: T @ 6

41
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From (1) and (2) 8. 8, = 7T % Agra = 37‘:‘ X 876 = 3000

From (1) and (3) Taddbrti = %‘ X Agra
25 2
=25 % 2 x 875 = 3125

Note. This is a beautiful example exhibiting Bh3s-
kara's dexterity in algebra,

Verse 96. Given that the sum of H sin 4, 8. 8. and
Taddbrti — Kujya = 1440, and the sum of Agra, S. 8. and
Taddhrti = 800, I shall deem him whoever finds s and the
longitude of the Sun, as the very Sun illuminating the
lotuses of astronomers,

Verse 97. Answer to the problem above,

The second sum divided by the first and multiplied
by 12 gives k from which s could be got. Then the first
sum divided by s+ 12+ % gives Hsin é from which the
longitude of the Sun could be got,

Comm. Comparing the third and the fifth latitndinal
triangles, we have

Agra 8. 8. _ Taddhrti
Krantijya Taddh;hl——-KuJya S. S.
(1) (2) (3)

_ + 8. 8. + Taddhrti -
=12 T Krantijya + Taddbrti — Kujya + 8. S. 1440 4 *
(4) (6) (8)

Equating (4) and (6) & = I—Q;ZX—E - 15

.k =925 =19+ s* . 5=0, Again comparing
the fourth latitudinal triangle, with the fundamental,
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Agra _ 8, 8. _ Taddbrti - Agra+4-8.8.+

s 12 & s+13+k
(1) (2) (8)
_ 1800  _ 1800 _
9+12+15 36 =60 I
(4)

Equating (1) and (4) Agra = 9 X 60 = 450
Equating (2) and (4) 8.8.= 12 X 50 = 600
Thirdly Taddbrti = 15 X 60 = 750

Again Equating (1) and (6) of I
Agra _ 5 _ 450 . . __ 450 X 4
Krantijya 4  Krantijya Hsin & = 3
= 380 from which 4 eould be computed.

Verse 98. The chara at a place where s = 9, is equa|
to 8 nadis. If you could compute the longitude of the
Sun, then certainly you are a leader among astronomers,
Oh! Scholar !

Verse 99. Answer to the problem above.

12 Carajya

\/(12 X garajyﬁ)a 48

longitude of the Sun could be computed.

= H sin 3 where from 4 the

Comm. Let Hgein @ = z; then from the third lati-
Kujya _ s 9 _ 3

#udinal triangle Krantiya 12~ 13~ ¢
3o
4
Carajy; = -3-4-,>< q clzs 5 = 4../3E§‘f‘.’;?
~ Hain (3 X 6) = Hain18° .. Squaring
9 Re »* = 16 (R* — »*) Hsin® 18 = 16 Carajya’ (R* — **)

Kujya = sinee Krantijya means H sin é
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.. x* (9 Re 16 Carajya®) = 16 R Carajya:

o_ 18R Carajya’ . 4R Carajya
Y R* 4 16 Carajya’ " J9R T 16 Carajya’

12 Carajya ~ _ 12 Carajya
N/ + 12 Oara]ya)
Here Carajya being known, H sin § could te computed.

Verse 100, If you studied what is known as Madh-
yamaha,rana,, then compute 4 the longitude of the Sun
ngen that H sin § + H cos § + H sin 4 = 5000.

Verse 101, Answer to the problem above.

Let the given sum multiplied by 4 and divided by 15
be Adya ; then H sin § =

Adys — ,\/ 910678 — 2.8quare of ;gs given sum

Comm. Let Hsin g = x; then H cos § =
H sin 3 = H sin @ H sin 4

R
- xR _ xR
" Hsin w . 1897

The given sum = x + JR* — 2 2+ = 5000

1397

- X2 = 5000 - x(l + I0nam — 5OOO -

X

R % B000° 4 7 (4835\ _ 3 X 5000 x 4835
¢ = 5000° + x (1397) ' 1397

4836°) _ 2 X 5000. X 4835
x? + 2 .
{1 1397"} 1207 = R* — 5000
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